
The Conjugacy problem in the Lyndon’s Group

Jessica Bridson

Department of Mathematics and Statistics

McGill University, Montreal

January, 1998

A thesis submitted to the Faculty of Graduate Studies and Research in partial fulfillment

of the requirements of the degree of Masters of Science.

c©Jessica Bridson 1998



Abstract

The Lyndon’s GroupFZ[x] is of great interest to algebraists due to its unique properties.

Using Van Kampen diagrams and results already proven for conjugate elements inFZ[x]

by Myasnikov and Remeslennikov, this thesis proves that the conjugacy problem in the

Lyndon’s group is solvable. The concept of being conjugately residually free is introduced

and it is shown that a single free extension of a centralizer of a free group is conjugately

residually free.

Résuḿe

Le groupe de LyndonFZ[x] suscite beaucoup l‘interet des algébristes de par ses liens avec

des groupes libres. En utilisant les diagrammes de Van Kampen et les resultats déjà

prouv́es par Myasnikov et Remeslennikov pour deséléments conjugúes dansFZ[x], on

montre que le problème de conjugaison enFZ[x] est ŕesoluble. Ce document présente

le concept de groupes conjugés ŕesiduellement libres, et montre qu’une simple extension

libre du centralisateur d’un groupe libre est un groupe conjugé ŕesiduellement libre.
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Notation

[v,t] = v−1t−1vt

[V, T ] is the subgroup generated by all[v, t] for v ∈ V, t ∈ T .

ug = g−1ug whereg, u ∈ G

CG(v) is the centralizer of the elementv in the groupG.

G〈v, t〉 is the free extension of the centralizer ofv by the elementt.

G〈V, T 〉 is a finite series of free extension of centralizers, where at each step the

centralizer of an elementvi ∈ V is extended by an elementti ∈ T .
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Chapter 1

Introduction

The theory of exponential groups (groups which permit exponents from a ring A) begins

with the work of Hall [4], Mal’cev [9], Lyndon [7], and G. Baumslag [1, 2]. In particular,

Lyndon’s paper introduced the axiomatic idea of an exponential group while Baumslag’s

papers look at the similarities between groups with unique roots (a type of exponential

group) and free groups. The group studied in this thesis, the Lyndon’s group, is an ex-

ponential group commonly writtenFZ[x] whereZ[x] is the ring of polynomials in one

indeterminate with inseparable coefficients andF is a free group. Lyndon introduced this

group while attempting to solve Tarski’s problem on the elementary equivalence of free

groups of different ranks. The group continues to be of interest to algebraists. Recently it

has been proved that all finitely generated fully residually free groups are embeddable in

this group, the three generator case was shown by Fine et. al. [3] and the complete proof

by Kharlampovich and Myasnikov [5, 6]. As a consequence of this result Kharlampovich
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and Myasnikov have shown that all∃-free groups (groups existentially equivalent to a free

group) are embeddable inFZ[x].

Myasnikov and Remeslennikov [11] give an updated description of exponential groups

and a construction ofFZ[x] which is different from that used in this paper. They also give

a description of conjugate elements inFZ[x] which is vital to my work. At the end of their

paper they pose several open questions, one of which is

Question 4. Prove that in the A-free groupFA the word problem and the conjugacy prob-

lem are algorithmically decidable.

They state that: If the domainA is residuallyZ, then the answers to questions 5,6, and

7 are affirmative. We assume they meant instead questions 4,5, and 6 as no question 7 is

listed. However there is no proof of this statement given in their paper, chapter 2 of this

thesis gives such a proof. We also show how to solve the conjugacy problem in a group

obtained from a free group by a series of free extensions of centralizers

In order to solve this problem, we introduce Van Kampen diagrams which were first

introduced by Van Kampen in 1933 [12]. These diagrams supply a useful tool to prove

statements relying on the relations which occur in a group.

The final chapter of this thesis introduces the idea of being conjugately residuallyG.

We will prove that a single free extension of a centralizer ofF is in fact conjugately

residuallyF . It should be possible to extend this result toFZ[x], perhaps using free length

functions.
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Chapter 2

Preliminaries

2.1 Higman-Neumann-Neumann Extensions

In this section we will follow Lyndon and Schupp [8]. We define an HNN extension in the

following manner.

Definition 2.1 LetG be a group,A andB subgroups of the groupG andφ : A → B an

isomorphism. Then the HNN extension ofG with respect toA,B andφ is the group

G∗ = 〈G, t; t−1at = φ(a), a ∈ A〉.

We will deal with a special kind of HNN extension, called a free extension of a centralizer.

Definition 2.2 Given a groupG and an abelian centralizerC(u) the free extension of the

centralizer ofu is

G〈u, t〉 = 〈G, t; t−1vt = v, v ∈ C(u)〉
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whereC(u) is the centralizer of the elementu.

In the following we will letε (with or without subscript) denote either1 or−1, and let

A,B,G, t andφ be as in the definition of an HNN extension.

Definition 2.3 A sequenceg0, t
ε1 , g1, . . . , t

εn , gn is reduced if it contains no consecutive

subsequencet−1, gi, t wheregi ∈ A or t, gj, t−1 wheregj ∈ B.

Before defining anormal formwe must choose right coset representatives ofA andB

in G which will be used throughout the following discussion.

Definition 2.4 A normal form inG∗ is a sequenceg0, t
ε1 , . . . , tεn , gn(n ≥ 0) where

(1) g0 ∈ G,

(2) If εi = −1 thengi is a right coset representative ofA in G,

(3) If εi = 1 thengi is a right coset representative ofB in G,

(4) there is no consecutive subsequencetε, 1, t−ε.

The following theorem and proof are based on Theorem 2.1, page 182 in Lyndon and

Schupp [8].

Theorem 2.1 (The Normal Form Theorem for HNN extensions)LetG∗ = 〈G, t; t−1at =

φ(a), a ∈ A〉 be an HNN extension of the groupG. Then

1. The groupG is embedded inG∗ by the mapg → g. If g0t
ε1 · · · tεngn = 1 in G∗ where

n > 0 theng0, t
ε1 , . . . , tεn , gn is not reduced.

2. Every elementw of G∗ has a unique representation asw = g0t
ε1 · · · tεngn where

g0, t
ε1 , . . . , tεn , gn is in normal form.
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Proof of Theorem 2.1:First we shall prove that these statements are equivalent. Assume

that (2) holds. Clearly the normal form of an elementg ∈ G is g, hence the mapg → g

does embedG inG∗. Notice ifg0, t
ε1 , . . . , tεn , gn, wheren ≥ 1, is a reduced sequence then

the corresponding normal from found by working from right to left has the same number

of occurrences oft and thusg0t
ε1 · · · tεngn 6= 1.

Next assume statement (1) to be correct. Suppose we have two sequences which are in

normal form such that

g0t
ε1 · · · tεngn = h0t

δ1 · · · tδmhm.

If n = m = 0 then by statement (1) we haveh0 = g0. Now supposem > 0 then we

have

1 = g0t
ε1 · · · tεngnh−1

m t−δm · · · t−δ1h−1
0 .

We know from statement (1) that the expression on the right hand side is not reduced, thus

we must have a possible reduction intεngnh−1
m t−δm (Noticen 6= 0 if m 6= 0 as otherwise

we would have thath0t
δ1 · · · tδmhm is not in reduced normal form). Thusεn = δm and

assumingεn = −1, we have thatgnh−1
m ∈ A wheregn andhm are representatives of cosets

of A in G. Thus in factgn = hm(Similarly if εn = 1 we have the same result except that

all elements must belong toB). We now have that

g0t
ε1 · · · tεn−1gn−1 = h0t

δ1 · · · tδm−1hm−1

and by induction on m the result follows.

To prove the theorem we will use the Artin-van der Waerden idea of makingG∗ per-

mute normal forms. Let the action ofG∗ be to multiply on the left and then reduce the
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expression to normal form. LetW be the set of normal forms onG∗ andS(W ) be the

group of all permutations ofW . We define a homomorphismσ : G∗ → S(W ) by defining

its action onG and ont.

First if g ∈ G we defineσ(g) by

σ(g)(g0, t
ε1 , . . . , tεn , gn) = gg0, t

ε1 , . . . , tεn .

This is obviously a homomorphism asσ(g′g) = σ(g′)σ(g). Furtherσ(g−1)σ(g) = σ(g)σ(g−1) =

1W , henceσ(g) is a permutation ofW andσ is a homomorphism fromG into S(W ).

We now defineσ(t). If g0 ∈ B andε1 = −1 then

σ(t)(g0, t
−1, . . . , tεn , gn) = φ−1(g0)g1, t

ε2 , . . . , tεn , gn.

Otherwise,

σ(t)(g0, t
ε1 , . . . , tεn , gn) = φ−1(b), t, ĝo, t

ε1 , . . . , tεn , gn

whereg0 = bĝ0 with b ∈ B andĝ0 the representative of the right coset ofB containingg0.

In order to show thatσ(t) is indeed a permutation ofW we prove the inverse ofσ(t) is

σ(t−1). We defineσ(t−1) as follows whereg0, t
ε1 , . . . , tεn , gn is a normal form. Ifε1 = 1

andgo ∈ A then

σ(t−1)(g0, t
1, . . . , tεn , gn) = φ(g0)g1, t

ε2 , . . . , tεn , gn.

Otherwise,

σ(t−1)(g0, t
ε1 , . . . , tεn , gn) = φ(a), t, ḡo, t

ε1 , . . . , tεn , gn

whereg0 = aḡ0 with a ∈ A andḡ0 the representative of the coset ofA containingg0.
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We have two cases to consider in checking thatσ(t−1)σ(t) = 1W . Once again let

g0, t
ε1 , . . . , tεn , gn be a normal form. If the first case ofσ(t) applies thenε1 = −1 and

g0 ∈ B. It is impossible to haveε2 = 1 andg1 ∈ A as this sequence is a normal form.

Now

σ(t)(g0, t
−1, . . . , tεn , gn) = φ−1(g0)g1, t

ε2 , . . . , tεn , gn.

By the previous observation we see that we use the second definition ofσ(t−1) and asg1 is

a coset representative andφ−1(g0) ∈ A the coset representative ofAφ−1(g0)g1 is g1. Thus

σ(t−1)(g0, g1, t
ε1 , . . . , tεn , gn) = g0, t

−1, g1, t
ε2 , . . . , tεn , gn.

If the second part of the definition ofσ(t) applies then obviously

σ(t−1)σ(t)(g0, t
ε1 , . . . , tεn , gn) = g0, t

ε1 , . . . , tεn , gn.

Thusσ(t−1)σ(t) = 1W and using the same method we see also thatσ(t)σ(t−1) = 1W .

Notice also that ifb ∈ B, σ(b) = σ(t−1)σ(b)σ(t) and henceσ maps all defining relations

to 1. Thusσ is a homomorphism fromG∗ into S(W ).

Finally notice that ifg0, t
ε1 , . . . , tεn , gn is a normal form then

σ(g0t
ε1 · · · tεngn)(1) = g0, t

ε1 , . . . , tεn , gn.

2

2.1.1 Power normal form

Definition 2.5 (Power Normal Form) Let x ∈ G〈v, t〉, a free extension of a centralizer

in G. x is in power normal form ifx = pc1c2 · · · cr where:
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(1) p ∈ CG(v),

(2) c1, . . . , cr are either powers oft or right coset representatives (as chosen before for the

normal form) and∀i, ci 6= 1,

(3) ∀i < r if ci is a power oft thenci+1 is a right coset representative, and vice versa.

The power normal form ofx can be found uniquely from the normal form ofx. If in

normal formx = g0t
ε1 · · · tεngn then we may writex = pc1c2 · · · cr calculating as follows:

(1)If g0 ∈ CG(v) then p = gO. Otherwisec1 is the coset representative forg0 and

g0 = pc1 wherep ∈ CG(v).

(2)Thus ifg0 ∈ C(v), c1 is a power oft. Let i = 1. Otherwise we have already calculated

a value forc1 and thusc2 is a power oft, let i = 2. Powers oft and coset representa-

tives alternate from then on. Ifg1 6= 1 thenci = tε1 and letk = 0. Otherwisegj = 1

for j = 1, . . . , k andgk+1 6= 1 and we setci = tε1+···+εk+1 . Let i = i+ 1.

(3) If n > k thenci = gk+1 and leti = i+ 1, k = k + 2.

(4) If n ≥ k andgk 6= 1 thenci = tεk , l = 0. Otherwisegj = 1, j = k, · · · , k + l −

1; gk+l 6= 1 andci = tεk+···+εk+l. Let i = i+ 1, k = k + l − 1 and go to step 3.

Hence we see that each normal form induces a unique power normal form. Further

each power normal form induces a unique normal formg0t
ε1 · · · tεngn by the following

method where the power normal form ofx is pc1c2 · · · cr:
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(1)If c1 is a right coset representative theng0 = pc1 otherwiseg0 = p. Let i be the index

of the firstci which is a power oft. Let j = 1.

(2) If i ≤ r we haveci = tα for someα. If α = ±1 thenεj = α. Otherwiseεk = α/ | α |

; k = j, . . . , j+α−1 andgk = 1, k = j, . . . , j+α−2. Let i = i+1, j = j+α−1.

(3) If i ≤ r we havegj = ci. Let i = i+ 1, j = j + 1, go back to step 2.

(4) If i > r andci−1 is a power oft, let gj = 1.

Thus clearly all elements in the group can be uniquely identified by a power normal

form. We now define length for a power normal form.

Definition 2.6 Givenx ∈ G〈v, t〉, such that the power normal form isx = pc1c2 · · · cr,

then the power normal length ofx, |x|p = r.

2.1.2 Commutation in free extensions of centralizers

Next we introduce a theorem about commutation in a free extension of a centralizer. This

theorem is based on Theorem 4.5 on page 209 of Magnus, Karras and Solitar [10].

Theorem 2.2 LetH = 〈G, t | [C(v), t] = 1〉 and supposex, y ∈ G and [x, y] = 1. Then

(1) x or y may be in a conjugate ofC(v);

(2) if neitherx nor y is in a conjugate ofC(v) but x is in a conjugate ofG theny is in the

same conjugate ofG;

(3) if neitherx nor y is in a conjugate ofG or C(v), thenx = huh−1 · W j and y =
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hu′h−1 ·W k, whereh,W ∈ H, u, u′ ∈ H andhuh−1, hu′h−1, andW commute in pairs.

Proof of Theorem 2.2: If x or y is in a conjugate ofC(v) there is nothing to prove. Thus

assume neitherx nor y is in a conjugate ofC(v). Let x be in a conjugate ofG, thus

hxh−1 = g ∈ G, g 6∈ C(v). Thushyh−1 commutes with g. We have thathyh−1 6∈ C(v),

and we will take the normal form ofhyh−1 to beh0t
ε1h1 . . . t

εnhn. Now

h0t
ε1h1 . . . t

εnhn · g · h−1
n t−εn . . . t−ε1h−1

0 = g.

If hngh−1
n 6∈ C(v) then the expression on the left has length2n but g has length zero.

Hence ifn > 0 thenhngh−1
n ∈ C(v). But this would meanx is in a conjugate ofC(v)

hencen = 0 and thushyh−1 ∈ G. Hence,x andy are both inh−1Gh, a conjugate ofG.

Now to finish the proof we shall assume the theorem is false and obtain a contradiction.

Let x be an element of shortest power length for which there exists ay which contradicts

the theorem. Picky to be an element of minimal power length which leads to a contradic-

tion for thex chosen. By the above neitherx nor y can be in a conjugate ofG or C(v).

Thus we havex = pc1 . . . cr, r > 1 andy = p′d1 . . . ds, s > 1 are the power normal forms

of the elements, notice also thats ≥ r as otherwisex would not be of minimal power

length. Notice thatcr andc1 cannot be of the same form, i.e. one is a power of t while the

other is a right coset representative. Otherwisecrxc
−1
r = (crpc1)c2 . . . cr−1. If cr, c1 are

powers of t then this givescrxc−1
r = p(crc1)c2 · · · cr−1 which has lengthr− 1, and ifcr, c1

are both right coset representatives thencrxc
−1
r = p′′c′1c2 . . . cr−1 which also has length

r − 1. Further asc1 andcr have different form, they cannot both have the same form asds.
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Without loss of generality we will assumec1 andds do not have the same form, the proof

works in exactly the same way ifcr andds do not have the same form, replacingx by x−1

throughout the proof.

Thus we know thatyx = p′d1 · · · dspc1 · · · cr has power lengths + r. Hencexy =

yx = pc1 · · · crp′d1 · · · ds also has power lengths + r which gives thatcr andd1 have

different forms. Notice that inyx, c1, . . . , cr occur as ther last representatives, while

in xy, d1, . . . , ds occur as the lasts representatives. Thus asr ≤ s we have thatcr =

ds, cr−1 = ds−1, . . . , c1 = ds−r+1. So nowyx−1 = p′d1 · · · ds−rp−1 and as it is an element

which commutes withx but which has shorter power length thany, it must be thatyx−1

andx satisfy the assertions of the theorem. We have three cases, in the first caseyx−1

is in a conjugate of C(v), thusyx−1 = gug−1 whereu ∈ C(v). Then asx = g1g−1 · x

andy = yx−1x = gug−1x we have thatx andy would satisfy the theorem contrary to

our assumption. Next ifyx−1 is in a conjugate ofG then from abovex is in the same

conjugate ofG, and hencey = yx−1x is also, again contradicting the assumptions made.

Thus only one case is left and we have thatx = huh−1 ·W j, yx−1 = hu′h−1W k where

huh−1, hu′h−1,andW commute in pairs. Buty = yx−1 · x = hu′h−1W k · huh−1W j =

hu′uh−1W j+k and thusx andy satisfy the assumptions of the theorem. Thus assumingc1

andds are not of the same form leads to a contradiction, and as mentioned above so does

assumingcr andds are not of the same form.

2
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2.2 CSA groups

In this section we follow the work of Myasnikov and Remeslennikov in section 6 of [11].

We begin by giving two definitions.

Definition 2.7 A subgroupA of a groupG is called malnormal ifA ∩ Ag = 1 for all

g ∈ G \ A.

Definition 2.8 G is a CSA group if all of the centralizers of nontrivial elements inG are

abelian and malnormal.

Clearly a free group is a CSA group as all of its elements have cyclic centralizers and

g−1aig = aj in a free group if and only ifg is a power ofa (in which casei = j).

Definition 2.9 A groupG is said to have commutation transitivity if for allx, y, z, [x, y] =

1 and[y, z] = 1 implies that[x, z] = 1.

Lemma 2.1 CSA groups have the property of commutation transitivity.

Proof: LetG be a CSA group andx, y, z ∈ G be non trivial elements with the property that

[x, y] = 1, [y, z] = 1. Theny ∈ C(x) asy commutes withx. But noticey ∈ C(x)z∩C(x).

Hence asG is CSA we have thatz ∈ C(x) or that[x, z] = 1.

Theorem 2.3 The property of being a nonabelian CSA group is preserved by free exten-

sion of centralizers.
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The proof of this theorem is based on work found in Myasnikov and Remeslennikov[11],

with additional proof based on work by Magnus, Karras and Solitar[10]. First we will

introduce some lemmas which will be useful in proving this result, the first of these is

similar to Lemma 1 in [11]. LetG be a nonabelian CSA group.

Lemma 2.2 Letx ∈ G∗ = G〈v, t〉. Then:

(1) if x ∈ C(v)g thenC(x) = C(v)g,

(2) if x 6∈ C(v)g butx ∈ Gg thenC(x) ≤ Gg,

(3) if x 6∈ C(v)g, x 6∈ G thenC(x) = 〈z〉 wherez is not in a conjugate ofC(v), andz is

not a proper power.

We will use the description of conjugate elements in a free extension of centralizers as

given in section 2.1.2.

Proof: Let x ∈ C(v)g. Clearly if y ∈ C(v)g then [x, y] = [gug−1, gu′g−1] = 1 where

u, u′ ∈ C(v). Now assumey ∈ G∗ and[x, y] = 1. Conjugating byg−1 if necessary we

may assume thatx ∈ C(v). In power normal formy = pd1d2 · · · dn andx = p′tα(where

p′ ∈ CG(v)) thusxy = yx implies

xpd1 · · · dn = pd1 · · · dnx.

If dn is not a power oft then we get thatdnp′ = x1dn wherex1 ∈ CG(v), ordnp′d−1
n = x1.

Otherwisedn commutes withx but we see thatdn−1 does not and hence we havedn−1p
′ =

x1dn−1 or dn−1p
′d−1
n−1 = x1 wherex1 ∈ CG(v). However both statements provide a

contradiction as G is a CSA group.
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If x ∈ Gg then from theorem 2.2, if[x, y] = 1 theny ∈ Gg and thus we have case (2).

Finally supposex is not in a conjugate of eitherG orC(v) and[x, y] = 1 for y ∈ G∗.

From the above descriptiony 6∈ Gg and also from the proof abovey 6∈ C(v)g. Hence from

theorem 2.2,x = huh−1 · zj andy = hu′h−1 · zk, whereh, z ∈ g′, u, u′ ∈ C(v) and

gug−1, gu′g−1, andz commute in pairs. If we conjugate byh we reduce the problem to

the casex = uzj1, y = u′zk1 , z1 = h−1zh. If u 6= 1 or u′ 6= 1 then from abovez1 ∈ C(v),

but this contradicts thatz is not in a conjugate ofC(v). Thusu = 1, u′ = 1 and we have

proved case (3).

Corollary 2.1 All centralizers of elements inG〈v, t〉 are abelian andG〈v, t〉 has commu-

tation transitivity.

Proof: We first remember thatG is a CSA group and hence it has commutation transitivity

and the property that all centralizers of its elements are abelian. From above we have three

different types of centralizers. The corollary is obvious for centralizers of types 1 and 3.

If C(x) is a centralizer of type 2 notice that it is the conjugate of a centralizer inG, and

hence the theorem holds.

Corollary 2.2 There are three types of maximal abelian subgroups ofG∗ = G〈v, t〉:

(1)M g whereM is a maximal abelian subgroup ofG, g ∈ G〈v, t〉 andM is not a conju-

gate ofCG(v),

(2)C(v)g, g ∈ G〈v, t〉,

(3)< z > wherez is not a proper power andz 6∈ C(v)g, z 6∈ Gg.
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Proof: Due to commutation transitivity this is straightforward.

Next we give a theorem on conjugacy in a free extension of centralizers, this is based

on lemma 2 in Myasnikov and Remeslennikov [11] and page 185 of Lyndon and Schupp

[8].

Theorem 2.4 Let g be a cyclically reduced element ofG∗ = 〈G, t|t−1zt = z, z ∈ C(v)〉

then

(1) If g is conjugate to an elementh in G theng is also inG and is conjugate toh in G.

(2) If g = g0t
ε1g1 · · · tεn, n ≥ 1 and v is a conjugate cyclically reduced element then

|g| = |v| and g is a conjugate of some appropriate cyclic permutationv∗ of v by some

elementc ∈ CG(z).

Proof of Theorem 2.4: Case (1): We have thatg = chc−1 for somec, if c ∈ G then

|g| = 0, henceg ∈ G and we are done. Supposec 6∈ G i.e. |c| ≥ 1, then notice that

|hc−1c| < |chc−1| implying thatg is not cyclically reduced. Thusc ∈ G, andg, h ∈ G and

are conjugate inG.

Case (2): We will prove by induction on|c| that if v∗ = h0t
δ1 · · · tδm is any cyclic

permutation ofv which ends in a power oft andcv∗c = g then the theorem holds. First

let |c| = 0. Then

ch0t
δ1 · · · tδmc−1 = g0t

ε1 · · · tεn
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and thus

1 = g0t
ε1 · · · tεnct−δm · · · t−δ1h−1

0 c−1.

The only possible reduction on the right hand side istεnctδm, thusc ∈ C(z) andεn = δm.

As before, in the proof of a unique normal form, we must have thatn = m and ∀i, εi = δi.

Next let|c| = k ≥ 1, wherec = c0t
λ1 · · · tλkck. We now have

g = c0t
λ1 · · · tλkckh0t

δ1 · · · tδmc−1
k t−λk · · · t−λ1c−1

0 .

Howeverg is cyclically reduced, thus there must be some possible reduction of the

right hand side so that this element is also cyclically reduced. The only places where such

a reduction can occur aretλkckh0t
δ1 or tδmc

−1
k t−λk .

First assume that the reduction takes place attλkckh0t
δ1. Thenλk = −δ1 andckh0 ∈

C(z). Thustλkckh0t
δ1 = ckh0 and hence adding(ckh0h

−1
0 c−1

k ) = 1 to the sequence

g = c0t
λ1 · · · tλk−1ck−1ckh0h1t

δ2 · · · tδmc−1
k t−λk(ckh0h

−1
0 c−1

k )c−1
k−1t

−λk−1 · · · t−λ1c−1
0 .

We know from above thatt−λkckh0 = ckh0t
δ1 and thus

g = c0t
λ1 · · · tλk−1ck−1ckh0(h1t

δ2 · · · tδmh0t
δ1)h−1

0 c−1
k c−1

k−1t
−λk−1 · · · t−λ1c−1

0 .

Notice the expression in the brackets is a cyclic permutation ofv and that now we have

g = av∗a−1 where|a| < |c|. The result follows by the induction hypothesis.

If instead the reduction takes place attδmc−1
k t−λk we can use the same idea. We now

have thatδm = λk andc−1
k ∈ CG(z), thustδmc−1

k t−λk = c−1
k . Hence

g = c0t
λ1 · · · tλk−1ck−1(ckc

−1
k )tλkckh0t

δ1 · · · tδm−1hm−1c
−1
k c−1

k−1t
−λk−1 · · · t−λ1c−1

0 .
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But now we reduce again as above and

g = c0t
λ1 · · · tλk−1ck−1ck(t

δmh0t
δ1 · · · tδm−1hm−1)c−1

k c−1
k−1t

−λk−1 · · · t−λ1c−1
0 .

Once again we have that the section within the brackets is a cyclic permutation ofv and

the result follows by the induction hypothesis.

Finally notice that wheng = cv∗c−1 wherec ∈ C(z) it follows by the same logic as in

the proof of unique normal form, that the order of powers oft is exactly the same in both

g andv∗.

Proof of Theorem 2.3: Once again we have three cases due to corollary 2.2. First let

N = M g be a maximal abelian subgroup ofG∗ of type (1). We can reduce to the case

whereN = M < G by conjugating if necessary. Now consider for which values of

x,Mx ∩M = z 6= 1, i.e. for which values ofx there are non trivial elementsf, h ∈ M

such thatfx = h. But f written in normal form is cyclically reduced, hence there exists

a y ∈ G such thatf y = h from part (1) of the preceding theorem. But this gives that

M ∩My 6= 1 and hencey ∈ M asG is a CSA group, and sof = h asM is abelian.

Hence[h, x] = [f, x] = 1 and from lemma 2 we have thatx ∈ G. But this in turn implies

thatx ∈M .

Next we look at centralizers of type 2, i.e.N = C(v)g, g ∈ G∗. Once again, by

conjugating if necessary, we only need examine the caseN = C(v). SupposeC(v) ∩

C(v)x 6= 1 then there aref, h ∈ C(v) such thatfx = h. Notice all elements inC(v)

are cyclically reduced when written in normal form hence theorem 4 applies. Ifh ∈ G

thenf ∈ G and thus there existsy ∈ G such thatf y = h as above. But this gives that
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CG(v) ∩ CG(v)y 6= 1 and hencey ∈ CG(v). Thus as abovef = h and we have[f, x] = 1

and thusx ∈ CG(v). Otherwise we have the case that|f | ≥ 1 and thus from part (2)

of theorem 4|f | = |h|. Further the normal form of an element inC(v) has the form

gtε1tε · · · tε1 whereε = ±1 andg ∈ CG(v). Thus from the commutativity ofg with tε

we see that all cyclic permutations ofh are in fact equal toh, thus we havef = hy where

y ∈ C(v). But now we havef = h and hencefx = hx = h and thus asC(v) = C(h)

from lemma 2 we have thatx ∈ C(v).

Finally we look at centralizers of type 3, i.e.N = 〈z〉.We introduce the notation

||z|| = min{|y| |y is cyclically reduced and conjugate toz}. As we are given that

z 6∈ CG(v)g, z 6∈ Gg we have that||z|| ≥ 1. Thus ifN ∩Nx 6= 1 we have that(zn)x = zm

for some integersn,m. Hence||zn|| = ||zm||, but we see easily that||zn|| = |n| · ||z|| and

thus we now have that|m| = |n|. If n = m then[x, zn] = 1 which implies by commuta-

tion transitivity that[x, z] = 1 and thusx ∈ 〈z〉. If n = −m, thenx−1znx = z−n and thus

x−2znx2 = x−1z−nx = zn. Thus[x2, zn] = 1 and by commutation transitivity[x, z] = 1

andx ∈ 〈z〉.

2

2.2.1 Direct limits of CSA groups

Next we will introduce a theorem which is necessary for the proof of the construction

of the Lyndon’s group. The work in this section is found in lemma 3 and theorem 6 in

21



Myasnikov and Remeslennikov [11].

Theorem 2.5 Let G = {Gi, φ
i
j, I} be an inductive system of non-abelian CSA groups,

i ∈ I andG∗ = lim→Gi. ThenG∗ is a non-abelian CSA group.

First we prove a lemma about centralizers inG∗i .

Lemma 2.3 Let G∗ = lim→Gi be a direct limit of CSA groupsGi, i ∈ I. If M is a

maximal abelian subgroup ofG∗, then ∀i Gi ∩M = Mi is either maximal abelian inGi

or trivial. FurtherM = lim→Mi.

Proof of Lemma 2.3: The first point to notice is thatG∗ has the property of commutation

transitivity. This is because any three elementsx, y, z ∈ G∗ such that[x, y] = [y, z] = 1,

have the property thatx, y, z ∈ Gk for somek, but we have that allGk are CSA groups,

thus[x, z] = 1.

AssumeMi is nontrivial and not maximal inGi. As Mi is not maximal there exists

anx 6∈ Mi such that[Mi, x] = 1. Now by commutation transitivity,M is the centralizer

of some elementz ∈ G∗. Hence there exists ak, i ≤ k such thatx, z ∈ Gk. From

commutation transitivity[x, z] = 1, and hencex ∈M , providing a contradiction.

From the definition given it is obvious that

M = lim
→
Mi

Now to finish proving Theorem 2.5. TakeM a maximal abelian subgroup ofG∗ and

supposeM ∩ M g 6= 1. Thenx = yg for somex, y ∈ M . We chosek ∈ I such that
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x, y, g ∈ Gk and from aboveMk ∩M g
k 6= 1 in Gk. But Gk is a CSA group and hence

g ∈Mk < M .

2

2.3 The Lyndon’s Group

We first defineA groups as defined in Myasnikov and Remeslennikov [11]. LetA be any

associative ring with identity and letG be a group. Then we have a mapG×A→ G, and

we write the action ofα ∈ A on g ∈ G asgα. In order forG to be anA group the action

of A onG must have the following 4 properties whereα, β ∈ A andg, h ∈ G:

(1) g1 = g, g0 = 1, 1α = 1

(2) gα+β = gα · gβ, gαβ = (gα)β

(3) (h−1gh)α = h−1gαh

(4) [g, h] = 1⇒ (gh)α = gαhα

Another important notion is that of theA completion of a groupG. TheA groupGA

and a homomorphismλ fromG→ GA is called a tensor A completion ofG if GA satisfies

the universal property that for anyA groupH and any homomorphismψ : G → H

there exists a uniqueA-homomorphismφ : GA → H such that the following diagram

commutes:
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H

GA-
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��	

ψ

λ

φ

The Lyndon’s group is such a completion whereG is a free group, andA is the ring of

polynomials with inseparable coefficients in one indeterminate.

In order to make the development of later ideas simple it is now necessary to construct

the Lyndon’s groupFZ[x]. Note that length will be defined differently from in previous

sections, rather the length of a wordW , will be the length in letters of the reduced word

equivalent toW . Another construction for this group can be found in Myasnikov and

Remeslennikov [11]. We will proceed in the following manner.

Let F1 be F. LetVi+1 be a maximal set of primitive reduced elements which have

nonconjugate centralizers and length less thani + 1 in Fi (length is well defined as these

are reduced elements). We now formFi+1 from Fi andVi+1 by extending the centralizers

of each element inVi+1, i.e.

Vi+1 = {ai1, ai2, . . . , ain}

and

· · · ≤ Fi ≤ Fi1 = 〈Fi, ti1|ti1at−1
i1

= a, ∀a ∈ C(ai1)〉 ≤ Fi2 · · · ≤

≤ Fin = 〈Fin−1 , tin|tinat−1
in = a, ∀a ∈ C(ain)〉 = Fi+1 ≤ · · ·
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wheretik extends the centralizer ofaik.

Notice from the previous section that we have
⋃∞
i=1 Fi is a CSA group, and hence all

of its centralizers are abelian and malnormal. Further due to commutation transitivity all

intersections of centralizers are trivial.

Claim 2.1 FZ[x] =
⋃∞
i=1 Fi.

Proof of Claim 2.1: The first step is to show that
⋃
Fi is in fact aZ[x] group. We see that

every centralizer in
⋃
Fi is in fact isomorphic toZ[x]. From the construction we see we

have a mapφ of the generators ofZ[x] to the generators of the centralizer of each element

v equal to〈v, t1, t2, t3, . . .〉 in the following mannerφ(1) = v, φ(x) = t1, φ(x2) = t2. Thus

every centralizer admits the action ofZ[x].

Define a root element to be an element ofFi which occurs for the first time inFi and is

not in the centralizer of any element occurring in an earlier extension. Notice that by the

construction every centralizer in
⋃
Fi is conjugate to the centralizer of some root element

in
⋃
Fi. All centralizers in

⋃
Fi have trivial intersection as

⋃
Fi is a CSA group due to

theorem 2.5, thus we see that the action ofZ[x] can be well defined on
⋃
Fi. Simply

define the action ofZ[x] on centralizer’s of root elements and then use conjugation to

define the action on the whole of
⋃
Fi. We can define this action in the following manner,

where our centralizer is as above,v1 = v, vx = t1, v
x2

= t2, etc. Hence
⋃
Fi is aZ[x]

group.
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It remains to show that this group satisfies the universal property previously mentioned.

LetH be aZ[x] group andφ : F → H a homomorphism. We can embedF in
⋃
Fi (after

all F is F1), and so defineγ :
⋃
Fi → H such that all elements inF are mapped to the

correct element inH. Then by lettingγ be aZ[x] homomorphism (i.e. having its action

commute with that ofZ[x]) we arrive at a well defined homomorphism which makes the

diagram commute.γ is clearly defined uniquely, hence
⋃
Fi is indeed the Lyndon’s group

FZ[x].

F

H

⋃
Fi--

?

�
�
�

�
�

�
�
�
��	

φ γ

It also follows now that any subgroup ofFZ[x] is a subgroup of a countable extension

of centralizers ofF . Further any finitely generated subgroup is a subgroup of a finite

extension of centralizers.

2.4 Van Kampen diagrams

The ideas in this section can be found in Lyndon and Schupp [8] and Van Kampen [12].

In order to prove the Van Kampen lemma and discuss Van Kampen diagrams it is

first necessary to establish some definitions. These diagrams are two dimensional in the
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Euclidean planeE2. If S ⊆ E2 then the boundary of S will be denoted byδS while

the topological closure is written̄S. A mapM in E2 consists of 3 distinct parts; vertices,

edges and cells which are pairwise disjoint in the map. A vertex is a point inE2, an edge is

a bounded subset ofE2 homeomorphic to the open unit interval, while a cell is a bounded

set homeomorphic to the open unit disk. Any map must have the property that for each

edge inM there are 2 vertices a, b inM such that̄e = e ∪ {a} ∪ {b}. Also if any cell

C is inM thenδC is connected and there is a set of edgese1, . . . , en all in M such that

δC = ē1 ∪ · · · ∪ ēn.

We can now add the idea of direction to our concept of a map. For an edge e such

that ē = e ∪ {a} ∪ {b} the two endpoints{a} and{b} are thought of as being initial and

terminal vertices. Thus ifa is the initial vertex,e runs froma to b, ande−1, the inverse of

e, runs fromb to a. Henceforth̄e will be known as a closed edge.

A path inM is a sequence of closed edges in M such that the terminal vertex ofei is

the initial vertex ofei+1. A reduced path is a path in which no cancellations occur, i.e. ife

is an edge in the path thene ande−1 will never occur adjacently. Further a simple path is

a reduced path where all edges in the path have different initial vertices. A closed path of

lengthn is a path such that the initial vertex ofe1 is the terminal vertex ofen, such a path

is also called a cycle.

By giving each edge in a mapM an orientation we create an oriented mapM ′. We

now define a boundary cycle of a cellC to be a reduced closed path of minimal length

which includes all edges ofδC with their orientations in accordance with the oriented map
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M ′. If M ′ is connected and simply connected, a boundary cycle ofM ′ can be defined as

a reduced closed pathα of minimal length which contains all edges inδM ′ in accordance

with the orientation ofM ′ such that, ifei and ei+1 are consecutive edges inα with ei

terminating atv, thene−1
i andei+1 are adjacent in the cyclically ordered path of all edges

of M beginning atv.

Definition 2.10 LetG = 〈a1, . . . , an|R = 1〉 be a group with the relationsR on{a1, . . . , an}

andF = 〈a1, . . . , an〉 be the corresponding free group. Then a Van Kampen diagram over

G is an oriented map, as described above such that each edgeei of the map has an asso-

ciated labelφ(ei) ∈ F with the following 4 properties:

1. If e is an edge inM thenφ(e) 6= 1,

2. If e is an edge ande−1 is the oppositely oriented edge thenφ(e−1) = φ(e)−1,

3. If C is a cell then any boundary cycle ofC, e1, e2, . . . , ek has the property that

φ(e1) · · ·φ(ek) is reduced without cancellation and alsoφ(e1) · · ·φ(ek) is cyclically equiv-

alent to an element ofR,

4.M is connected and simply connected. FurtherM has a boundary cyclee1, . . . , ek such

thatφ(e1) · · ·φ(ek) is cyclically reduced without cancellation, i.e.φ(e1) · · ·φ(ek) and all

cyclic permutations of this word have the property that∀f ∈ F there is no occurrence of

ff−1 in the word.
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2.4.1 Van Kampen’s Lemma

We are now ready to prove Van Kampen’s Lemma, we follow the work in Lyndon and

Schupp [8]. LetR be a set of relations over a free groupF . ExpandR to contain all

cyclically equivalent expressions. LetN be the normal closure of this expandedR.

Lemma 2.4 If w ∈ F , w ∈ N if and only if there exists a connected, simply connected

Van Kampen diagramM such thatφ(α) = w whereα is a boundary cycle ofM .

Proof: Assumew ∈ N , i.e.

w =
n∏
i=1

tirit
−1
i

whereri ∈ R (R defined as above),ti ∈ F . If n = 0 then the diagramM is a single vertex

O. If n = 1 we take an edgee and vertexv such that both the initial and terminal vertices

of e arev andφ(e1) = r1. If t1 = 1 this is the complete diagram and for consistency we

renamev asO. If t1 6= 1 then add an extra vertexO to the diagram outside the loop formed

by e and connectO to v. The edgef running fromO to v is labeled such thatφ(f) = t.

φ(e1) = r1

O
q

φ(e) = r

φ(f) = tq
O
�
�
�
���

Now if n > 1 construct the diagram in the following manner. For eachi construct a

diagram as above and link these diagrams in order to a common vertexO as below.
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t2

r1

r3

r2

If
n∏
i=1

tirit
−1
i

is cyclically reduced without cancellation we are finished. However it is possible that can-

cellations can be made in this word, in this case break down each edge in the diagram creat-

ingM ′ so that every edge is labeled by a generator ofF . For example ifφ(e1) = x1x2x
−1
1 ,

then inM ′ there are 3 edges,e11, e12, e13 such thatφ(e11) = x1, φ(e12) = x2, φ(e13) =

x−1
1 . Now consider successive pairs of edgesei, ei+1 in the diagram such thatφ(ei) =

φ(ei+1)−1. Let ei run fromv1 to v2, andei+1 run fromv2 to v3. If v3 is distinct fromv1 and

v2 (or v1 is distinct fromv2 andv3) identify ei+1 with ei and glue them together as below

to achieve a new diagramM ′′. Notice we have simplified our diagram andδM ′′ contains

fewer edges thanδM ′.

p -

ei−1

-

?

?

ei

ei+1

ei+2

⇒

- -

ei−1 ei

?

ei+2

If v1 = v3 we have the situation of either one or two loops.
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qv
ei ei+1

q qv1 v2

ei

ei+1

In this case to arrive at a simpler diagramM ′′ eliminate the loop(s) formed byei and

ei+1 and all ofM ′ interior to the loop(s) leaving only the vertexvi. By iterating this process

we eventually eliminate all possible cancellations and arrive at a diagram which satisfies

the properties of a Van Kampen diagram. Hence ifw = 1 it forms the boundary of a Van

Kampen diagram.

Next assumeM is a Van Kampen diagram with boundaryδM such thatα is a bound-

ary cycle of the diagram andφ(α) = w. We need to show that ifM consists of cells

C1, C2, . . . , Ck then there exist labelsr1, . . . , rk ∈ R of the cells and elementsui (1 ≤ i ≤

k) of F such that

w = (u1r1u
−1
1 ) · · · (ukrku−1

k ) = 1.

If k = 0 then there are no cells inM , thusM is a tree and hence triviallyφ(α) = 1.

We shall use proof by induction. Assume the result is true for diagrams withk cells and

letM be a diagram withk+1 cells. ClearlyM contains a cellC∗ such thatδM∩δC∗ 6= ∅.

Let {ei} be the set of edgesei such thatei ∈ (δM ∩δC∗) and formM ′ fromM by deleting

{ei} fromM .
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C∗e λ γ

We have thatM ′ is a Van Kampen diagram withk cells. Lete be the ordered list of

edges in{ei} and let the boundary cycle ofC∗ beeλ and the boundary cycleα of M be

eγ such thatφ(λ) = l, φ(γ) = g, φ(e) = x. Thenφ(α) = xg = w and the label ofM ′ is

φ(α′) = φ(λ−1γ) = l−1g =
k−1∏
i=1

(uiriu
−1
i )

by the induction hypothesis. But notice we may writew = l−1gg−1xg = (l−1g)(g−1lxg).

Hence from abovew = (u1r1u
−1
1 ) . . . (uk−1rk−1u

−1
k−1)g−1lxg. By letting g−1 = uk and

noticing lx is a label forC∗ we can setrk = lx and havew = (u1r1u
−1
1 ) . . . (ukrku

−1
k ).

Thusw is a label for a boundary cycle of a Van Kampen diagram if and only ifw ∈ N ,N

as described above.

2
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Chapter 3

The conjugacy problem inFZ[x]

3.1 Reduction of the conjugacy problem fromFZ[x] to groups

of the typeF 〈U, T 〉

We have previously constructed the Lyndon’s groupFZ[x] such thatFZ[x] = ∪Fi where

· · · ≤ Fi ≤ Fi+1 = 〈Fi, {ti1}|[ai1 , ti1 ] = 1〉 ≤ Fi+2 ≤ · · ·

Definition 3.1 A cell with boundary labeltrurt−1
r u−1

r such thattrurt−1
r u−1

r is a relation

added inFr is a tr cell.

Definition 3.2 A diagram consisting only oftr cells connected by theirtr edges as pic-

tured below is called atr strip.
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6 6 6 6 6

ur ur ur ur

ur ur ur ur

tr tr tr tr tr

Notice twotr strips cannot intersect asur does not containtr and vice versa.

Lemma 3.1 If u and v are conjugate inFZ[x] and bothu, v ∈ Fn then u and v are

conjugate inFn.

Proof: We will assume thatFn is the first extension to contain bothu andv and thatu

containstn. We have thatu andv are conjugate hence there exists ay ∈ FZ[x] such that

yuy−1 = v. We know in fact thaty ∈ Fr for somer, as words have finite length and thus

contain only finitely many of the variables added through extensions.

From the Van Kampen lemma we have that there exists a Van Kampen diagram which

hasyuy−1v−1 for its boundary cycle label (from now on edges will be known by their

labels). If the maximumi such thatti is a letter iny is less than or equal ton then we are

done. Suppose not, thentr is a letter in y for somer > n. Thus we have the following

picture, our diagram must include atr cell. It remains to show what is to be done with the

othertr involved in this cell (remember all relations added are of the formxyx−1y−1).

6 6
-

-

y y

v

u

-

-
6

ur

ur

tr
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Notice first, any cell containingtr which is not atr cell must contain an added variable

tl of index greater thanr. But an edgetl cannot link with any of the edges in the diagram as

r is the maximum added variable index inu, v, andy. Hence an annulus must be formed by

the cells involvingtl as below. But this creates a region with boundary cycleuml for some

m, which clearly cannot exist as it is not possible foruml = 1 in Fr (asFr is a free extension

of centralizers over a free group).

6 6
-

-

y y

v

u

-

-
6

ur

ur

tr ul

tl tl

tl

Hence we must have that the cell involvingtr is a tr cell and that it is joined to other

such cells. Notice that this cell cannot be joined to a mirror image of itself as then we

would not have a Van Kampen diagram (in a Van Kampen diagram all boundary cycles

are cyclically reduced without cancellation), hence we have atr strip. Following the same

logic as above we see that we cannot have the formation of an annulus, and as neitheru

norv containstr, a tr strip can link to neither theu norv edge.

Thus we know the diagram contains atr strip which must be linked at both ends to

edges of the diagram which are labeled withy. One possibility is that thetr strip will link

to the same side if y containst−1
r . In this case y may be replaced with an expression not

involving these 2 incidences oftr. Labeling the sections ofy such thaty = x1t
ε
rx2t

−ε
r x3

whereε = ±1, theny may be replaced withx1u
m
r x3 for somen, as shown by the diagram

below.
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6 6
-

-
�

�

?

ur
tr

-

-
6

ur
tr

y y

v

u

We also have the possibility that thetr strip attaches to bothy-edges of the diagram.

There are now two possibilities, the chain may attach at the same spot on bothy-edges or

it may attach at different spots. If it attaches at different spots then we have a diagram as

below, we assume there is no possible way of making arches on either side, otherwise we

could simplify our problem as above by replacingy with a word containing less incidences

of tr. The diagram below cannot possibly exist as this diagram would require either that

two tr strips intersect or that twotr strips end in annuli.

6 6
-

-

y y

v

u

-

-
6

ur
tr

-

-
6

ur
tr

-

-
6

ur
tr

-

-
6

ur
tr

��
���

���
���

���:

���
���

���
���

��:

Thus there is one possibility left, that thetr strip connects to both sides at the same

location. Hence one can see from the diagram below thatu is conjugate toumr as isv, i.e.

we have thatx1ux
−1
1 = umr andx2u

m
r x
−1
2 = v. Thusx2x1ux

−1
1 x2−1 = v and we now

have thatu andv are conjugate by a wordy′ which has one less incidence oftr. Clearly

by iterating this process we can further simplifyy′ to the point wherey′ is an element in

Fn.
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6 6
-

-

y y

v

u

-

-
6

ur

ur

tr
-

-
6

ur

ur

tr
-

-

ur
m−2

ur
m−2

3.2 The Conjugacy Problem inF 〈U, T 〉

We shall use the conjugacy theorem for free extensions of centralizers(Theorem 2.4) and

the construction ofFZ[x] (Claim 2.1) as already stated.

3.2.1 Solving a word problem

In order to prove that the conjugacy problem is solvable inF 〈U, T 〉 it will be necessary to

show that there exists an algorithm, solving equations of the type

bg0t
ε1 · · · tεngna = h0t

δ1 · · · tδm

where we are giveng0t
ε1 · · · tεngn andh0t

δ1 · · · tδm and the centralizers to whicha andb

belong (notice these are not necessarily the same centralizer). We will do this proof by

induction and thus it is first necessary to prove that there exists an algorithm solving such

equations in a free group.

We begin with a lemma.

Lemma 3.2 GivenG a CSA group, then ifA andB are maximal abelian subgroupsBg ∩

A = 1 unlessBg = A.
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This lemma is obvious as CSA groups have commutation transitivity.

Using this lemma we see that there is a limited number of cases where the equation

above can have multiple solutions. If

b1ga1 = h = b2ga2,

then

g−1b−1
2 b−1

1 g = a2a
−1
1

which implies there are infinitely many solutions ifC(a) = C(b)g, but otherwise there can

be at most one solution.

Theorem 3.1 Let F be a free group with generators{x1, . . . , xn}. Given two elements

g, h ∈ F and two centralizersC(z), C(y) ∈ F then there is an algorithm solving the

following equation fora ∈ C(z), b ∈ C(y)

gah = b.

Proof of Theorem 3.1:First notice that all centralizers in a free group are cyclic. We will

consider three cases for this problem. In the following the use of the symbol{·} implies

multiplication where no reduction is possible.

Case 1:z = xn, y = xm, i.e. a andb belong to the same centralizerC(x). Then we

have that ifg ∈ C(x) there are infinitely many solution pairs ifh ∈ C(x) and that for

any choice ofa we can find ab which will satisfy the equation. Ifg ∈ C(x), h 6∈ C(x)

then there is no solution to this equation. Thus we must only consider what happens if
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g 6∈ C(x) andh 6∈ C(x), we use the following steps to calculatea, b. Notice that in this

case there can be at most one solution. Leta = 1, then

(1) If g = g′ · xi, i 6= 0, |i| maximal, then asg 6∈ C(x) we know this power ofx must be

cancelled so that the terms ing′ which are not inC(x) may also be cancelled. Hence

asg = g′xi let a = x−ia, g = g′ and continue with these new values ofa andg.

(2) If g = g′ · r, r 6= xi ∀i then there are two possibilities. Ifxi = rl andg′ ∈ C(x), h =

xjlh′, h′ ∈ C(x) then the solution isa = ax−j, b = glh′. Otherwise if there is

a solution the termr must be cancelled by a term inh. Hence we must be able

to write h = xir−1h′ whereg′h′ ∈ C(x). If this is the case then the solution is

a = ax−i, b = g′h′ if g′h′ ∈ C(x). If neither of these two offers a solution, there is

no solution as there are terms ing which are not powers ofx and which cannot be

cancelled.

Case 2:a ∈ C(z), b ∈ C(y), y = zx, x 6= zi ∀i. Notice from the earlier lemma there

is the possibility that such an equation has an infinite number of solutions, we will give an

algorithm to find one solution (or show there is none if that is the case). Leta = 1 and use

the following steps:

(1) g = g′ · zi, |i| maximal. If g′ = g′′x, g′′ ∈ C(y) then if h = zkx−1h′, h′ ∈ C(y)(k

may be 0) we may take as a solutiona = 1, b = gh (Notice this is a case where any

value ofa has a corresponding value ofb which solves the equation ). Ifh cannot be

written in such a way then clearly there is no solution for such ag′ . If g ∈ C(z) then
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if h = zkh′ whereh′ ∈ C(y) then there is the solutiona = g−1 · a · z−k, b = h′, if h

cannot be written like this there is no solution. Ifg′ suits neither of these subcases,

let g = g′, a = z−ia and continue with these new values.

(2) g = g′ · x−1. If g ∈ C(y) (i.e. g′ = xzi) then if h = zkh′, h′ ∈ C(y) we have the

solutiona = az−k, b = gah, if h cannot be written this way then there is no solution.

If g 6∈ C(y) then if there is a solution we must have thath = zixh′ and then we have

the solutiona = az−i, b = g′h′ if g′ · h′ ∈ C(y), otherwise there is no solution.

(3) g = g′ · x. If g′ = 1 then there is a solution only ifh = zix−1h′, h′ ∈ C(y) (i may

be 0) and notice this is a case where there are infinitely many solutions asa can be

any power ofz. If g′ 6= 1 then there is only a solution ifh = zix−1h′, g′h′ ∈ C(y)

in which case takea = az−i, b = g′h′.

(4) g = g′r, r 6= x±1, r 6= zi. Then there can only be a solution ifh = zir−1h′, g′h′ ∈

C(y), seta = a · z−i, b = g′h′, otherwise there is no solution.

Case 3: In this case we havea ∈ C(z), b ∈ C(y) and that these centralizers are not

conjugates of one another or equal to one another. We once again leta = 1 to begin and

use the following method to calculate the solution.

(1) g = g′ · zi, |i| maximal. Then ify = rzk andg′ = lr, l ∈ C(y) there is a solution

only if h = znh′, h′ ∈ C(y) with a = zk−iaz−n. If g′ ∈ C(z) then there are

two possibilities for solutions. Eitherh = zjh′, h′ ∈ C(y) in which casea =

g−1az−j, b = h′, or yn = zlh in which casea = g−1zl, b = yn otherwise for such a
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g′ there is no solution. Ifg′ is not as above then seta = z−ia, g = g′ and continue

with these new values.

(2) g = g′ · yi, |i| is maximal. Ifg ∈ C(y) then there is a solution ifh = ziyk giving that

a = az−i. If g 6∈ C(y) then ifh = ziy−ih′ there is a solutiona = az−i, b = g′h′ if

g′h′ ∈ C(y), otherwise there is no solution.

(3) g = g′ · j, j 6= yi, j 6= zi. Then ify = rj andg′ = lr, l ∈ C(y) there is a solution if

h = znh′, h′ ∈ C(y) wherea = az−n. There is also a solution ifh = zij−1h′ and

g′h′ ∈ C(y) in which casea = az−i, b = g′h′, otherwise there is no solution.

2

Theorem 3.2 Given a group of typeF 〈U, T 〉, elementsg, h ∈ F 〈U, T 〉 and two cen-

tralizers C(z), C(y) ≤ F 〈U, T 〉 there is an algorithm solving the equation below for

a ∈ C(z), b ∈ C(y):

gah = b.

Proof of Theorem 3.2 :Using the previous theorem we now procede by using the induc-

tion step. Giveng, h ∈ Fi, Fi a finite series of free extensions of centralizers, we consider

the solution of

bgot
ε1 · · · tεngna = h0t

δ1 · · · tεmhm

assuming that there is an algorithm to solve all such equations in previous extensions.

Case 1: IfC(a) andC(b) do not involvet, the latest extension, then we notice that from

the proof of theorem 2.1 we have that there is a solution to this equation only ifm = n
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andεi = δi, ∀i. If the above equation has a solution then we can solve the following set of

equations where,ai ∈ C(x) whereC(x) is extended byt.

gna = a−1
1 hn

a−1
2 gn−1 = hn−1a1

...

g0an = b−1h0.

As all of these equations are in an earlier level, by induction there is an algorithm

to solve each of the equations. If any equation has no solution, then this implies that

the original equation has no solution.If all equations have infinitely many solutions, then

plugging in any solution for the first of the above equations will lead to a solution for the

system, and thus a solution for the original equation. Otherwise we use the first equation

which has a unique solution and then solve the remaining equations using the values found

for this equation. If at any point an equation has no solution after substituting in the value

for one of itsai’s then the original equation has no solution.

Now we must look at what happens ifa or b (or possibly both) belong to centralizers

which involve the elementt. There are four possible cases to examine. We will assumea

belongs to a centralizer involving t, and mention what happens in the case thatb does also.

When considering the same problem with respect tob the same ideas may be used, onlyg0

is used rather thangn and we try to remove powers oft with the left end ofb rather than

the right end ofa.

Case 2:a ∈ C(t). Assumeb is either not in a centralizer which involvest or b ∈ C(t).
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Three distinct possibilities are provided byh. If m > n thena or b must contain a power

of t. If b 6∈ C(t) thena = tm−na′ or a = tn−ma′ wherea′ is in the centralizer extended by

t. If the lastm − n powers oft in h are of the same sign, assume positive, we may then

solve the equation

bgot
ε1 · · · tεngntm−na′ = h0t

δ1 · · · tεmhm

for a′ andb as it fits case 1 (unlessεn = −1 andgn ∈ C(t) in which case no solution

is possible). Otherwise there can be no solution as we have either that the left side is

unreduced while the right hand side is reduced, or else the left hand side will have different

powers oft from that ofh. If b ∈ C(t) then we need to be more careful as powers oft

can be added by eithera or b. Once again we can do as above checking all combinations

b = b′tr, a = tsa′ such that|r| + |s| = m − n and solving fora′, b′ in the case where the

signs of the powers oft in g andh match. There is also the possibility thatt-reductions

are possible using eithera or b if g0 or gr belong to C(t), this will give us a maximum of

2n+m− n+ 1 = m+ n+ 1 equations which need to be checked, all of which fit case 1.

If m < n then in order to remove powers oft from the left hand side we must have that

gn ∈ C(t) so that at reduction can be made (Similarlyg0 ∈ C(t) if we are considering that

the centralizer ofb contain t). If no such reduction is possible andb is not in a centralizer

involving t then there is no solution to the equation. If such a reduction is possible then

we takea = tla′ wherel is of the opposite sign fromεn and|l| = n−m. We now examine

the resulting equation

bg0t
ε1 · · · tεmgna′ = h0t

δ1 · · · tεmhm
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which is in case 1. Ifb ∈ C(t) andg0 ∈ C(t) then reductions may occur at the beginning

of the left side and we are left withn + l equations to consider, arising from different

amounts of reduction occurring at each end. However these equations fit Case 1 and hence

a solution, if one exists, can be found.

Finally the third case is wherem = n. If b 6∈ C(t) then clearlya cannot involvet as

this would lengthen the left hand side and mean there was no solution. Hencea belongs

to the centralizer extended byt, and thus we are in fact in case 1. Ifb ∈ C(t) then if

the powers oft in g andh do not match we have the possibility of making them match

through reducing powers oft with a or b if either g0 ∈ C(t) or gn ∈ C(t) and adding

powers oft at the other end. Once again only finitely many possibilities need be checked,

i.e. b = b′ts, a = tla′ where|l| = |s| and0 ≤ |l| ≤ m.

Case 3: Assumea ∈ C(t)r, r 6∈ C(t), and eitherb does not involvet, b ∈ C(t) or

b ∈ C(t)r. This case is similar to Case 2. Ifm > n then if the centralizer ofb does

not contain t, we have thata = rtm−na′r−1 or a = rtn−ma′r−1, i.e. we must solve the

equations

bgot
ε1 · · · tεngnrt±|m−n|a′ = h0t

δ1 · · · tεmhmr

which is back to case 1 (Notice ifgnr ∈ C(t) andεn = −1 then there can be no solution).

If b can involve powers oft then once again it is a matter of checking a finite number of

different equations with different powers oft added on either side. Ifgn or g0 are such

thatt-reductions are possible with eithera or b, then this implies we must check a greater

number of powers oft, as above there is a maximum ofm + n + 1 equations which need
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to be checked.

If m < n, then we must be able to maket-reductions if this equation is to have a

solution. Once again this is very similar to case 2, only we require thatgnr
−1 ∈ C(t) if we

are to make a reduction witha. We then arrive at an equation which fits case 1, by moving

ther to the right hand side as above and looking for values ofa′ which are in the centralizer

extended byt. If b ∈ C(t)r(r = 1 is a possibility) then it is possible thatt-reductions may

also be made on the left hand side, ifrg0 ∈ C(t). This once again increases the number of

equations which must be solved, however we still have finitely many equations to check,

all of which are solvable by the induction hypothesis.

Finally if m = n then if b does not involvet we must have thata ∈ C(x)r where

t extendsC(x)(thus we can use case 1). Otherwise as before we can also try reducing

powers oft with one ofa andb and adding an equal number of powers with the other. This

gives a maximum of2m equations which need to be checked, all of which fit case 1.

Case 4: Assumea ∈ C(s) where s is a root element at the level i, and hence has a

cyclic centralizer. Consider the cases where the centralizer ofb does not involvet, where

the centralizer ofb isC(t)r, and whereb ∈ C(r) where r is a root element at the level i.

As above we first consider the possibilities ifm > n. If no t-reductions happen in-

volving b then the this case can be solved by calculatinghsig−1 for n−m ≤ i ≤ m− n

and checking if the value is in the correct centralizer. If at-reduction can happen in-

volving b then we simply check powers ofs in a wider range, so solving the above for

−(m+ n+ 1) ≤ i ≤ m+ n+ 1. (Note in the case wheres involves more than one power
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of t, the above checks more values than necessary)

Similarly if m ≤ n we only need check a finite number of powers ofs in the equation

above.Thus check ifhsig−1 ∈ C(b) for −2n < i < 2n.

Case 5: Assumea ∈ C(r)W , [r, t] 6= 1,W involvest. Lettinga′ ∈ C(r) we have that

bg0t
ε1 · · · tεngnW−1a′W = h0t

δ1 · · · tδnhn

hence

bg0t
ε1 · · · tεngnW−1a′ = h0t

δ1 · · · tδnhnW−1.

We have thata′ is in a centralizer not involvingt, hence we may now consider this equa-

tion from the perspective ofb and fit it into one of the previous cases.

2

3.2.2 The Conjugacy problem in the Lyndon’s group

Theorem 3.3 For all i, Fi has solvable conjugacy problem.

Proof of Theorem 3.3:We shall do this proof by induction. The first step is to show that

the conjugacy problem is solvable inF , a free group. We follow the proof of theorem 1.3

in Magnus, Karras, Solitar [10].

Let F = 〈x1, x2, . . . , xn〉 be a free group, andW be a word in the free group. We

defineρ(W ) which will reduce a word working from left to right. We defineρ inductively

as follows:

ρ(1) = 1, p(xεi) = xεi (ε = ±1, i = 1, . . . n)
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and if

p(W ) = xε1k1
· · ·xεlkl (εi = ±1, ki = 1, 2, . . . , n)

then

ρ(Wxεr) =


xε1k1
· · ·xεlklx

ε
v if kl 6= v or εl 6= −ε

xε1k1
· · ·xεl−1

kl−1
if kl = v and εl = −ε

LetW be a reduced word. We defineσ(W ) to be the cyclic reduction ofW inductively

as follows

σ(1) = 1, σ(xεi) = xεi (ε = ±1, i = 1, . . . n)

σ(xεiWxνj ) =


xεiWxνj if i 6= j or ε 6= −ν

σ(W ) if i = j and ε = −ν

If W is not reduced then we defineσ(W ) = σ(ρ(W )).

Theorem 3.4 LetF be a free group with generatorsx1, . . . , xn. Two wordsW1,W2 ∈ F

are conjugate if and only if their cyclic reductions are cyclic permutations of each other.

Proof of theorem 3.4:First supposeσ(W2) is a cyclic permutation ofσ(W1), i.e.

σ(W1) = xt1s1 · · ·x
tk
sk
xtk+1
sk+1
· · ·xtpsp

σ(W2) = xtk+1
sk+1
· · ·xtpspx

t1
s1
· · ·xtksk .

Notice thatσ(W1) = Kσ(W2)K−1 whereK = xt1s1 · · · a
tk
sk

. Thus asW1 andσ(W1) and

W2 andσ(W2) are obviously conjugate pairs we have thatW1 andW2 are conjugate.
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Assuming that we know thatW1 andW2 are conjugate, we must show thatσ(W1)

andσ(W2) are cyclic permutations of each other. We have thatW1 = KW2K
−1 thus

ρ(W1) = ρ(KW2K
−1). Hence

σ(W1) = σ(ρ(W1)) = σ(ρ(KW2K
−1)) = σ(KW2K

−1)

and thus our proof is finished if we can show thatσ(KW2K
−1) is a cyclic permutation of

σ(W2). We will do this by induction on the length ofK. LetK = xεi wherei = 1, . . . , n

andε = ±1. Notice that

σ(xεiW2x
−ε
i ) = σ(ρ(xεiW2x

−ε
i )) = σ(ρ(xεiρ(W2)x−εi )).

Suppose that

p(W2) = xt1j1 . . . x
tn
jn ,

thus we must find the value of

ρ(xεix
t1
j1 . . . x

tn
jnx
−ε
i ).

There are three cases we must examine, either no cancellation is possible, cancellation

occurs at both ends of the element, or cancellation occurs at only one end of the element.

In the first case we have that

ρ(xεix
t1
j1 . . . x

tn
jnx
−ε
i ) = xεix

t1
j1 . . . x

tn
jnx
−ε
i .

And thus

σ(xεiρ(W2)x−εi ) = σ(xεix
t1
j1 . . . x

tn
jnx
−ε
i ) = σ(xt1j1 . . . x

tn
jn) = σ(W2).
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When cancellation occurs at both ends we have thati = j1 = jn and thatε = −t1 = tn,

hence

ρ(xεiρ(W2)x−εi ) = xt2j2 . . . x
tn−1

jn−1
,

and

σ(xεiW2x
−ε
i ) = σ(xt2j2 . . . x

tn−1

jn−1
).

But we know from above that

σ(W2) = σ(xt1j1x
t2
j2 . . . x

tn−1

jn−1
x−t1j1 ) = σ(xt2j2 . . . x

tn−1

jn−1
).

The third case is when cancellation takes place at only one end, we will treat the case

where cancellation takes place at the left end, but a similar argument works for when the

cancellation is at the right end . As cancellation takes place at the left end we have that

j1 = i, ε = −t1 and that

ρ(xεiρ(W2)x−εi ) = xt2j2 . . . x
tn
jnx

t1
j1 .

But now as bothxt2j2 . . . x
tn
jnx

t1
j1 and xt1j1x

t2
j2 . . . x

tn
jn are reduced, we know that both are

cyclically reduced. Henceσ(xεiρ(W2)x−εi ) = xt2j2 . . . x
tn
jnx

t1
j1 is a cyclic permutation of

σ(W2) = xt1j1x
t2
j2 . . . x

tn
jn. Hence we have that for all casesσ(xεiρ(W2)x−εi ) is a cyclic per-

mutation ofσ(W2).

Assume using the induction hypothesis thatσ(TW2T
−1) is a cyclic permutation of

σ(W2), and considerσ(xνjTW2T
−1x−νj ). By the aboveσ(xνjTW2T

−1x−νj ) is a cyclic per-

mutation ofσ(TW2T
−1) and hence ofσ(W2). Thus ifW1 andW2 are conjugate then

σ(W1) andσ(W2), their cyclic reductions, are cyclic permutations of each other. Thus the

49



theorem is proved, an obvious consequence is that for a free group the conjugacy problem

is solvable.

Proof of Theorem 3.3:We shall now use the induction hypothesis and assume for alli <

n that the conjugacy problem inFi is solvable. LetFn = 〈Fn−1, t|t−1vt = v, v ∈ C(z)〉.

We shall use theorem 2.4. We haveu = g0t
ε1 . . . tεn a cyclically reduced element and an

elementv. If n < 1 then either bothu andv are inFn−1, in which case by induction this

problem is already solved, orv is in Fn and if v is conjugate tou then when cyclically

reducedv is equal tou.

Otherwise,n ≥ 1 and

u = got
ε1 . . . tεn

v∗ = hot
ε1 . . . tεn

wherev∗ is a cyclic permutation ofv. Notice that if the two elements are to be conjugate,

the powers oft must be the same in bothu and v∗. From theorem 2.4 ifu and v are

conjugate there is an elementa ∈ CG(z) such that

g0t
ε1 · · · tεn = ah0t

ε1 · · · tεna−1

i.e.

g0t
ε1g1 · · · tεna = ah0t

ε1 · · · tεn .

This gives rise to the following set of equations [∗] whereai ∈ CG(z), ∀i:

gn−1a = a1hn−1

a2gn−2 = hn−2a
−1
1
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...

g0a
−1
n−1 = ah0

whereai ∈ C(z)∀i, as theai must commute withtεi. By substituting these equations into

each other we arrive at:

a = g−1
n−1a1hn−1

= g−1
n−2g

−1
n−1a

−1
2 hn−1hn−2

...

= g−1
0 · · · g−1

n−1ah0 · · ·hn−1.

And thus finally

g0g1g2 · · · gn−1 = ah0 · · ·hn−1a
−1.

As both g = g0 · · · gn andh = h0 · · ·hn are inFn−1 and by induction the conjugacy

problem inFn−1 is solved, we know that if such ana exists inFn−1 we can solve for this

element.

If no sucha exists then from the conjugacy theorem we know thatu andv are not

conjugate. If such ana does exist then we must check to see whether there exists an

a ∈ C(z) such thatu andv∗ are conjugate.

The first case is ifh ∈ CG(z). Then if the necessarya exists,g ∈ C(z) also, and

asC(z) is abelian this implies thatg = h which is easily checked. In this case any

a ∈ C(z) will commuteg andh. Now we must examine the elementsu andv, clearly if
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gi = hi, ∀i then we haveu = v∗, and thusu andv are conjugate. Another simple case is if

gi, hi ∈ CG(z)∀i thenu, v ∈ C(z). As thegi, hi, i 6= 0 are right coset representatives we

know that fori 6= 0, gi = 1 andhi = 1. Hence asg = h we have thatg0 = h0 andu = v∗

and therefore thatu andv are conjugate.

If the above case is not valid then we examine the system of equations[∗]. From theo-

rem 3.1 we have that each equation in the system is solvable, hence as shown in the proof

of the theorem we can solve for an answer to the system. As at least one of the equations

hasgn−r, hn−r 6∈ C(z) we know there is at most one solution to the system, if the value

of a found in the first and last equations is the same thenu andv are conjugate, otherwise

they are not conjugate.

Thus we now assume thath 6∈ C(z), from above we may assumeg 6∈ C(z) as oth-

erwise there is no solution. Now we simply solve the system of equations [∗], knowing

that there is at most one answer as neitherg norh is in C(z). This system of equations is

solvable as argued for the previous case.

2

Thus the conjugacy problem is solvable in the Lyndon’s Group.
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Chapter 4

F 〈u, t〉 is conjugately residuallyF

We first introduce the notion of being conjugately residuallyG.

Definition 4.1 Given a groupG∗ and a groupG we say thatG∗ is conjugately residually

G if for any nonconjugateu, v ∈ G∗ there exists a homomorphismφ, φ : G∗ → G such

thatφ(u) andφ(v) are not conjugate inG.

Theorem 4.1 Let F be the free group with generators{x1, . . . , xn}. Then any group

F 〈a, t〉 = 〈F, t|[v, t] = 1, v ∈ C(a)〉 is conjugately residuallyF .

Proof of Theorem 4.1:Take anyu, v ∈ F 〈a, t〉, such thatu, v are not conjugate. We may

assume that bothu andv are cyclically reduced, asu andv are conjugate if and only if

their cyclic reductions are conjugate. There are three cases to consider. In the following

we will write u, v in power normal form.

In the first caseu = g0t
k1g1 · · · tkn , v = h0t

l1h1 · · · tlm wheren 6= m. We will pick our

homomorphismφ to be such that the generators of the free group are mapped to themselves
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andφ(t) = az wherez is some large integer. Notice thatg1, . . . , gn, h1, . . . , hm 6∈ C(u)

as we are in power normal form, and that ifg0 ∈ C(a) (h0 ∈ C(a)) then we must have

that n = 1 (m = 1) otherwise|ug0tk1 |p < |u|p (similarly |vh0tl1 |p < |v|p). Thus if

we write gi, hi so that all powers ofa at either end have been separated out we have

gi = arig′ia
si , hi = axih′ia

yi and thus

φ(u) = ar0g′0a
k1∗z+s0+r1g′1a

k2∗z+s1+r2 · · · g′n−1a
kn∗z+sn−1

φ(v) = ax0h′0a
l1∗z+y0+x1h′1a

l2∗z+y1+x2 · · ·h′m−1a
lm∗z+yn−1

where ifz is chosen large enough no power ofa is zero.

We now examine the cyclic reductions and see that ifr0 is the opposite sign from

kn ∗ z + sn−1 the cyclic reduction ofφ(u) is

σ(φ(u)) = g′0a
k1∗z+s0+r1g′1a

k2∗z+s1+r2 · · · g′n−1a
kn∗z+sn−1+r0

otherwiseu was already cyclically reduced. Similarly forv, if the signs ofx0 andlm ∗ z+

yn−1 are the same thenφ(v) is already cyclically reduced, otherwise the cyclic reduction

is

σ(φ(v)) = h′0a
l1∗z+y0+x1h′1a

l2∗z+y1+x2 · · ·h′m−1a
lm∗z+yn−1+x0 .

Notice if z is large enough none of the powers ofa in the cyclic reductions is zero, hence

the two cyclic reductions ofφ(u), φ(v) are not cyclic permutations of one another as one

has more occurrences of powers ofa than the other. Hence from theorem 3.4 we have that

φ(u) is not a conjugate ofφ(v).
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In the second caseu andv have the same lengths but the powers oft in u andv are

different no matter which cyclic permutations of the elements are taken. We will writeu

andv as above only now consider thatn = m. Thus depending on the sign ofr0 we have

that the cyclic reduction ofu is

σ(φ(u)) = ar0g′0a
k1∗z+s0+r1g′1a

k2∗z+s1+r2 · · · g′n−1a
kn∗z+sn−1

or

σ(φ(u)) = g′0a
k1∗z+s0+r1g′1a

k2∗z+s1+r2 · · · g′n−1a
kn∗z+sn−1+r0

and similarly forv. Clearly if z is very large theki ∗z (li ∗z) terms dominate in the powers

of a, and thus by picking a large enough value ofz we can ensure that any two powers

of a in u andv are different if the coefficientski and li are different. Hence looking at

each cyclic permutationu∗ of u we can choose a value ofz which ensures that the powers

of a in u∗ do not match the powers ofa in v, thus picking the largest such value ofz we

find that the powers ofa do not match in any cyclic permutation ofu andv. Hence as the

cyclic reductions cannot be cyclic permutations of one another we have from theorem 3.4

thatφ(u) is not conjugate toφ(v).

The third case is when the elementsu andv have the same length and the same powers

of t for some cyclic permutation (we will write them so that we use one of these permuta-

tions). Once again we will mapt to a large power ofa

φ(u) = g0a
z1g1a

z2 · · · gn−1a
zn

φ(v) = h0a
z1h1a

z2 · · ·hn−1a
zn
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wherezi = ki ∗ z.

If these two elements are conjugate then we must have ac ∈ F such that

g0a
z1g1a

z2 · · · azn−1gn−1a
znca−znh−1

n−1a
−zn−1 . . . a−z2h−1

1 a−z1h−1
0 c−1 = 1.

We can now consider two cases, eitherc ∈ C(a) or c 6∈ C(a).

First if c ∈ C(a) then notice in order for theazn−1 terms to be cancelled we must have

thatgn−1a
znca−znh−1

n−1 ∈ C(a), i.e. asc ∈ C(a),

gn−1ch
−1
n−1 = c1

wherec1 ∈ C(a). Continuing on, to cancel the termsa±zn−2 we must have that

gn−2c1h
−1
n−2 = c2

...

g0cnh0c
−1 = 1.

However notice from the proof of the theorem 3.3 if these equations are solvable then

this means that the originalu andv were in fact conjugate, hence ifφ(u) andφ(v) are

conjugate, they can not be conjugated by an element inC(a).

Thus if the two elements are conjugated byc we must have thatc 6∈ C(a). We will

assume thath−1
0 is not cancelled byc−1, if this is not the case a similar argument to the

one below applies. We consider what happens if the termc cancels all or part of the

termφ(u) before it and all or part ofφ(v) which occurs after thec term. We will write

φ(u) = u1u2, φ(v) = v1v2 and assumec = u−1
2 v2. Then we have from theorem 3.4 the

56



two conjugate cyclically reduced elements in the free group are cyclic permutations of one

another, i.e.

φ(u)cφ(v)−1c−1 = 1

simplifies to

u1v
−1
1 v−1

2 u2 = 1

and thus

u2u1 = v2v1

(whereu1, u2, v1, v2 can be1). There are now three cases to consider, in case 1 bothu1, v1

end in a power ofa, in case 2 bothu1, v1 end in a coset coefficient, and in case 3 either

u1 = g0 or v1 = h0 while the other ends in a power ofa. Notice that in the following,

powers ofa must occur in the same order in both cyclic permutations of the elements due

to theorem 3.4 (i.e. in the following although it is possible thatr 6= s we do have that

azr+i = azs+i ∀i where we consideraz1 = azr+(n−r)+1 = azs+(n−s)+1). In the first case we

have

gr · · · gn−1a
zng0 · · · azr−1gr−1a

zra−zsh−1
s−1a

−zs−1 · · ·h−1
0 a−znh−1

n−1 · · ·h−1
s = 1

while in the second

azr · · · gn−1a
zng0a

z1 · · · gr−1h
−1
s−1 · · · a−z1h−1

0 a−znh−1
n−1 · · · a−zs = 1.

In both cases in order for this to be true we must have that the following system of equa-

tions holds forai ∈ C(a):

gr−11h−1
s−1 = a1
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gr−2a1h
−1
s−2 = a2

...

granh
−1
s = 1.

However notice from the theorem 3.3 we have that this implies the elements

u∗ = grt
zr+1 · · · gn−1t

zng0t
z1 · · · gr−1t

zr

and

v∗ = hst
zs+1 · · ·hn−1t

znh0t
z1 · · · ss−1t

zs

are conjugate, and hence it follows thatu andv are conjugate as cyclic permutations of the

elements are conjugate, hence in the above two casesφ(u) andφ(v) cannot be conjugate.

In case 3 we will look at the case whenu1 = g0, the casev1 = h0 is similar. Once

again the equality of powers ofa follows as above. Then we have the equation

az1g1a
z2 · · · azng0a

−zsh−1
s−1 · · · a−z1h−1

0 a−znh−1
n−1 · · · a−zs+1h−1

s = 1.

We now arrive at the following system of equations whereai ∈ C(a)

g0 = a1

gn−1a1h
−1
s−1 = a2

...

g1an−1h
−1
s+1 = an

hs = an.
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This means thaths = h0 as onlyh0 may belong toC(a)(It also implies that bothu, v have

power length 1). But we now have that in factc ∈ C(a), a contradiction, henceφ(u), φ(v)

are not conjugate. ThusF 〈a, t〉is conjugately residuallyF .

2
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Chapter 5

Conclusions

The purpose of this thesis was to examine the conjugacy problem in the Lyndon’s group

FZ[x]. This problem is in fact solvable and my proof of this problem used a variety of

different tools. Van Kampen diagrams were used to reduce the problem to that of the

conjugacy problem in a group of typeF 〈U, T 〉, a finite series of free extensions of central-

izers. Using a theorem on the conjugacy of elements in free extensions and a proof of the

solvability of a particular type of word problem it was possible to show that the conjugacy

problem is indeed solvable.

The question then arose as to whether or not it would be possible to mapFZ[x] to the

free groupF preserving the nonconjugacy of two elements. The first natural step was to

look at a single free extension, as is done in chapter 4 of this thesis. This is indeed possible,

thusF 〈U, T 〉 is conjugately residuallyF . The next step is to show this is true for any finite

number of such extensions (in which case it is also true for the Lyndon’s group). Work
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continues on this idea, length functions introduced by Lyndon should provide the means

necessary for such a proof.
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