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Abstract

The Lyndon’s GroupF?l¥! is of great interest to algebraists due to its unique properties.
Using Van Kampen diagrams and results already proven for conjugate eleméts!in

by Myasnikov and Remeslennikov, this thesis proves that the conjugacy problem in the
Lyndon’s group is solvable. The concept of being conjugately residually free is introduced
and it is shown that a single free extension of a centralizer of a free group is conjugately

residually free.

Résune

Le groupe de Lyndo'#*! suscite beaucoup l'interet des ahyistes de par ses liens avec
des groupes libres. En utilisant les diagrammes de Van Kampen et les res@jéats d
prouves par Myasnikov et Remeslennikov pour @dsments conjuges dansFZ#l, on
montre que le proBime de conjugaison eA?[*! est Esoluble. Ce document gsente

le concept de groupes conpsyesiduellement libres, et montre qu’une simple extension

libre du centralisateur d’un groupe libre est un groupe canjagiduellement libre.
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Notation

[v,]=v ot

[V, T is the subgroup generated by @il ¢ forv € V)t € T.

uw = g tlug whereg,u € G

Ce(v) is the centralizer of the elemenin the groupG.

G(v,t) is the free extension of the centralizer.oby the element.

G(V,T) s afinite series of free extension of centralizers, where at each step the

centralizer of an element € V' is extended by an elemente T



Chapter 1

Introduction

The theory of exponential groups (groups which permit exponents from a ring A) begins
with the work of Hall [4], Mal'cev [9], Lyndon [7], and G. Baumslag [1, 2]. In patrticular,
Lyndon’s paper introduced the axiomatic idea of an exponential group while Baumslag’s
papers look at the similarities between groups with unique roots (a type of exponential
group) and free groups. The group studied in this thesis, the Lyndon’s group, is an ex-
ponential group commonly writted?[*) where Z|[z] is the ring of polynomials in one
indeterminate with inseparable coefficients @ a free group. Lyndon introduced this
group while attempting to solve Tarski’'s problem on the elementary equivalence of free
groups of different ranks. The group continues to be of interest to algebraists. Recently it
has been proved that all finitely generated fully residually free groups are embeddable in
this group, the three generator case was shown by Fine et. al. [3] and the complete proof

by Kharlampovich and Myasnikov [5, 6]. As a consequence of this result Kharlampovich



and Myasnikov have shown that alifree groups (groups existentially equivalent to a free
group) are embeddable #¥!"!.

Myasnikov and Remeslennikov [11] give an updated description of exponential groups
and a construction af#[?l which is different from that used in this paper. They also give
a description of conjugate elementsAr® which is vital to my work. At the end of their

paper they pose several open questions, one of which is

Question 4. Prove that in the A-free group* the word problem and the conjugacy prob-

lem are algorithmically decidable.

They state that: If the domaiA is residuallyZ, then the answers to questions 5,6, and
7 are affirmative. We assume they meant instead questions 4,5, and 6 as no question 7 is
listed. However there is no proof of this statement given in their paper, chapter 2 of this
thesis gives such a proof. We also show how to solve the conjugacy problem in a group
obtained from a free group by a series of free extensions of centralizers

In order to solve this problem, we introduce Van Kampen diagrams which were first
introduced by Van Kampen in 1933 [12]. These diagrams supply a useful tool to prove
statements relying on the relations which occur in a group.

The final chapter of this thesis introduces the idea of being conjugately residually
We will prove that a single free extension of a centralizerfofs in fact conjugately
residuallyF. It should be possible to extend this resul#tél”!, perhaps using free length

functions.



Chapter 2

Preliminaries

2.1 Higman-Neumann-Neumann Extensions

In this section we will follow Lyndon and Schupp [8]. We define an HNN extension in the

following manner.

Definition 2.1 Let G be a group,A and B subgroups of the grou@’ and¢ : A — B an

isomorphism. Then the HNN extensiorodvith respect ta4, B and ¢ is the group
G* = (G, t;t 'at = ¢(a),a € A).
We will deal with a special kind of HNN extension, called a free extension of a centralizer.

Definition 2.2 Given a groupG and an abelian centralizef'(u) the free extension of the
centralizer ofu is

Glu,t) = (G, t;t ot = v,v € C(u))



whereC'(u) is the centralizer of the elemeant

In the following we will lete (with or without subscript) denote eithéor —1, and let

A,B,G, t and¢ be as in the definition of an HNN extension.

Definition 2.3 A sequencey, t*, g1, ..., 1", g, IS reduced if it contains no consecutive

subsequence, g;,t whereg; € Aort,g;, ¢! whereg; € B.

Before defining anormal formwe must choose right coset representatived ahd B

in G which will be used throughout the following discussion.

Definition 2.4 A normal form inG* is a sequencey, t', . .., t, g,(n > 0) where
(1) g0 € G,
(2) If ¢, = —1 thenyg; is a right coset representative dfin G,

(3) If ¢, = 1 theng; is a right coset representative &fin G,

(4) there is no consecutive subsequetice, t¢.

The following theorem and proof are based on Theorem 2.1, page 182 in Lyndon and

Schupp [8].

Theorem 2.1 (The Normal Form Theorem for HNN extensions)LetG* = (G, t;t 'at =
¢(a),a € A) be an HNN extension of the grogp Then

1. The group’ is embedded id* by the mapy — g. If got®* - - - t"g,, = 1 in G* where
n > 0thengy,t, ..., t, g, is not reduced.

2. Every elementv of G* has a unique representation as = gyt - - -t g, where

go, t*, ..., t", g, is in normal form.



Proof of Theorem 2.1: First we shall prove that these statements are equivalent. Assume
that (2) holds. Clearly the normal form of an element G is g, hence the map — ¢
does embed; in G*. Notice if gy, t, ..., t*, g,, Wwheren > 1, is areduced sequence then
the corresponding normal from found by working from right to left has the same number
of occurrences of and thusyyt® - - - t»g,, # 1.

Next assume statement (1) to be correct. Suppose we have two sequences which are in
normal form such that

Got -+t gy = hot™ - 17" By
If n = m = 0 then by statement (1) we hawg = go,. Now supposen > 0 then we

have

1= got -t g h om0

We know from statement (1) that the expression on the right hand side is not reduced, thus
we must have a possible reductionting, s 't~ (Noticen # 0 if m # 0 as otherwise

we would have thatt® - - -t h,, is not in reduced normal form). Thus = §,, and
assuming,, = —1, we have thay,h..! € A whereg, andh,, are representatives of cosets

of Ain G. Thus in factg, = h,,(Similarly if ¢, = 1 we have the same result except that

all elements must belong ). We now have that
Gt -t tg, | = h0t51 o Om—1 O

and by induction on m the result follows.
To prove the theorem we will use the Artin-van der Waerden idea of makinger-
mute normal forms. Let the action 6f* be to multiply on the left and then reduce the
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expression to normal form. Lé¥" be the set of normal forms o&* and S(WW) be the
group of all permutations diV. We define a homomorphism: G* — S(W) by defining
its action onGG and ont.

Firstif g € G we defines(g) by

U(g)(g()atqa s 7t€n7.gn) = ggOatqa s 7t€n'

This is obviously a homomorphism agg’g) = o(g')o(g). Furthero (g~ )o(g) = o(g)a(g?) =
1w, hences(g) is a permutation oft” ando is a homomorphism front into S(W).

We now defines(t). If go € B ande; = —1 then

0-<t)(907t717 s 7t6n7gn) = ¢71<90)glyt627 s 7t6n7.gn-

Otherwise,
a(t)(go7t€17 AR ’te’”«’gn) = ¢_1(b)’ t7g07t51? A 7t6n7gn

whereg, = bgy with b € B andg, the representative of the right coset®itontaininggg.
In order to show that(¢) is indeed a permutation & we prove the inverse af(¢) is
o(t™'). We defines(t71) as follows wherey, t*, . .., t", g, is a normal form. Ife, = 1

andg, € Athen

O'(t_l)(go, tl’ ce 7t€n7gn) = ¢(go)glu th) s 7t€n7 9n-
Otherwise,
U<t71>(g07t617 st 7t6nagn) = ¢(a)7t7g07t617 ctt 7t6nugn

wheregy = agy with a € A andg, the representative of the coset4itontaininggp.

9



We have two cases to consider in checking th@t')o(t) = 1. Once again let
go, t, ..., t" g, be a normal form. If the first case of¢) applies thers; = —1 and
go € B. ltis impossible to have, = 1 andg; € A as this sequence is a normal form.

Now
U(t>(go7 t_17 A 7t6”7 gn) = ¢_1(go)gl7 t627 ctt 7t6n7 gn
By the previous observation we see that we use the second definitgréf and agy, is
a coset representative and! (gy) € A the coset representative df»~(gy)g; is g1. Thus
O_(t_1>(907 g1, tela S 7t6n7 gn) = 9o, t_17 g1, t€27 s 7t€n7 Gn-

If the second part of the definition ef(¢) applies then obviously

a(t_l)a(t)(go, Ut ) = o, t L T g

Thuso(t~1)o(t) = 1y and using the same method we see also digo(t~!) = 1yy.
Notice also thatib € B,o(b) = o(t~1)o(b)o(t) and hencer maps all defining relations
to 1. Thuso is a homomorphism frord/* into S(W).

Finally notice that ifgg, t*, ..., ¢, g, is @ normal form then

U(gotEl Tt tEngn)<1) = 9o, tqa cee 7t€n7 9n-

O

2.1.1 Power normal form

Definition 2.5 (Power Normal Form) Letx € G(v,t), a free extension of a centralizer

in G. x is in power normal form ift = pcyc, - - - ¢, where:
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() p € Ca(v),
(2) cy, ..., c, are either powers of or right coset representatives (as chosen before for the
normal form) andvi, ¢; # 1,

(3) Vi < rif ¢; is a power oft thenc;, is a right coset representative, and vice versa.

The power normal form of can be found uniquely from the normal formof If in

normal formz = gt - - - t** g, then we may writec = pc, ¢, - - - ¢, calculating as follows:

(DIf go € Cs(v) thenp = go. Otherwisec; is the coset representative fog and

go = pc1 Wherep € Cg(v).

(2)Thus ifgy € C(v), c; is a power of. Leti = 1. Otherwise we have already calculated
a value forc; and thus:; is a power of, let: = 2. Powers of and coset representa-
tives alternate from then on. §f # 1 thenc, = ¢t and letk = 0. Otherwiseg; = 1

forj=1,...,kandg,.; # 1 and we set; = ¢t t%+1, Leti =i + 1.

(3)Ifn > kthenc; = gp 1 andleti=i+ 1,k =k + 2.

(4) If n > kandg, # 1thenc; = t*,l = 0. Otherwiseg; = 1,j = k,---,k+ 1 —

1;gpy # 1ande; =t Fe+ Leti =i+ 1,k =k+ 11— 1and go to step 3.

Hence we see that each normal form induces a unique power normal form. Further
each power normal form induces a unique normal fggt - - - t“»g,, by the following

method where the power normal form.ofs pcics - - - ¢,
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(1)If ¢, is a right coset representative then= pc; otherwiseg, = p. Leti be the index

of the firstc; which is a power of. Letj = 1.

(2) If i < rwe haver; = t* for somea. If a = £1 thene; = a. Otherwises, = o/ | a |

k=3j,....j+a—landg, =1, k=7,...,j+a—2. Leti=i+1,j = j+a—1.

(3) If i <rwe haveg; =c¢;. Leti =i+ 1,5 = 5+ 1, go back to step 2.

(4) If i > r andc;_, is a power oft, letg; = 1.

Thus clearly all elements in the group can be uniquely identified by a power normal

form. We now define length for a power normal form.

Definition 2.6 Givenxz € G(v,t), such that the power normal form is= pcicy - - - ¢,

then the power normal length of |z|, = r.

2.1.2 Commutation in free extensions of centralizers

Next we introduce a theorem about commutation in a free extension of a centralizer. This

theorem is based on Theorem 4.5 on page 209 of Magnus, Karras and Solitar [10].

Theorem 2.2 LetH = (G,t | [C(v),t] = 1) and suppose,y € G and[z,y] = 1. Then
(1) x or y may be in a conjugate @f (v);

(2) if neitherz nor y is in a conjugate of’(v) but x is in a conjugate ofr theny is in the
same conjugate af;

(3) if neitherz nor y is in a conjugate ofs or C(v), thenz = huh™! - W7 andy =

12



hu'h= - W* whereh, W € H,u,v € Handhuh™', hu’h~t, and¥ commute in pairs.

Proof of Theorem 2.2:If x or y is in a conjugate of’(v) there is nothing to prove. Thus
assume neithet nor y is in a conjugate of”'(v). Letz be in a conjugate of7, thus
hxh™' =g € G,g ¢ C(v). Thushyh~! commutes with g. We have thayh~! ¢ C(v),

and we will take the normal form dfyh~! to behyt h, ...t h,. Now
hgtth C. tenhn - qg- h;ltien . tielhal =g.

If h,gh ! & C(v) then the expression on the left has lengthbut g has length zero.
Hence ifn > 0 thenh,gh,' € C(v). But this would mearn is in a conjugate of’(v)
hencen = 0 and thushyh~! € G. Hence,r andy are both inh~'Gh, a conjugate of;.

Now to finish the proof we shall assume the theorem is false and obtain a contradiction.
Let 2z be an element of shortest power length for which there exigtesaich contradicts
the theorem. Pick to be an element of minimal power length which leads to a contradic-
tion for thex chosen. By the above neithemor y can be in a conjugate a@f or C'(v).
Thus we haver = pcy ...c.,r > 1andy = p'd; ...d,, s > 1 are the power normal forms
of the elements, notice also that> r as otherwiser would not be of minimal power
length. Notice that, andc; cannot be of the same form, i.e. one is a power of t while the
other is a right coset representative. Otherwise: ! = (c¢,pci)co...c,_1. If ¢, ¢y are
powers of t then this gives.xc. ' = p(c,c1)cs - - - ¢,_1 which has length — 1, and ifc,, ¢;
are both right coset representatives thenc ' = p”c|c,...c,_; which also has length
r — 1. Further ag; andc, have different form, they cannot both have the same form .as

13



Without loss of generality we will assumg andd, do not have the same form, the proof
works in exactly the same waydf andd, do not have the same form, replacindgpy = !
throughout the proof.

Thus we know thayxz = p'd; - - - dypcy - - - ¢, has power length + r. Hencexy =
yr = pcy---cp'dy - - - dg also has power length + r which gives that, andd; have
different forms. Notice that injx, ¢y, ..., ¢, occur as the- last representatives, while
in zy,dq,...,ds occur as the last representatives. Thus as< s we have that, =
dg,Cr_1 = dg_1,...,¢; = dg_pp1. SONOWYz~! = p'd, ---d,_,p~! and as it is an element
which commutes with: but which has shorter power length thanit must be thatyz !
andz satisfy the assertions of the theorem. We have three cases, in the firgtz:case
is in a conjugate of C(v), thugr—! = gug~' whereu € C(v). Thenasr = glg~! - x
andy = yz 'z = gug~'x we have thatr andy would satisfy the theorem contrary to
our assumption. Next ifiz—! is in a conjugate of7 then from abover is in the same
conjugate of7, and hence = yz 'z is also, again contradicting the assumptions made.
Thus only one case is left and we have that huh=! - W7, yz~! = hu/h='W* where
huh~', huh~t,andW commute in pairs. Buy = yx~' - 2 = hu'h'W* - huh='WJ =
hu/uh~*WJ7+k and thusr andy satisfy the assumptions of the theorem. Thus assuming
andd, are not of the same form leads to a contradiction, and as mentioned above so does

assuming:, andd, are not of the same form.
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2.2 CSA groups

In this section we follow the work of Myasnikov and Remeslennikov in section 6 of [11].

We begin by giving two definitions.

Definition 2.7 A subgroupA of a groupG is called malnormal ifA N A9 = 1 for all

ge G\ A

Definition 2.8 G is a CSA group if all of the centralizers of nontrivial elementsg-iare

abelian and malnormal.

Clearly a free group is a CSA group as all of its elements have cyclic centralizers and

g ta’g = @’ in a free group if and only if is a power ofz (in which case = j).

Definition 2.9 A group( is said to have commutation transitivity if for all y, z, [z, y] =

1 and[y, z] = 1 implies that[z, z] = 1.
Lemma 2.1 CSA groups have the property of commutation transitivity.

Proof: LetG be a CSA group and, y, z € G be non trivial elements with the property that
[z,y] =1, [y, z] = 1. Theny € C(z) asy commutes withc. But noticey € C'(z)*NC(x).

Hence ag7 is CSA we have that € C(x) or that[z, 2] = 1.

Theorem 2.3 The property of being a nonabelian CSA group is preserved by free exten-

sion of centralizers.
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The proof of this theorem is based on work found in Myasnikov and Remeslennikov[11],
with additional proof based on work by Magnus, Karras and Solitar[10]. First we will
introduce some lemmas which will be useful in proving this result, the first of these is

similar to Lemma 1 in [11]. Le& be a nonabelian CSA group.

Lemma 2.2 Letx € G* = G(v,t). Then:

(1) ifz € C(v)? thenC(z) = C(v)9,

(2) ifz ¢ C(v)? butx € G9 thenC'(z) < GY,

) ifz ¢ C(v)9,x ¢ G thenC(x) = (z) wherez is not in a conjugate of’(v), and z is

not a proper powetr.

We will use the description of conjugate elements in a free extension of centralizers as
given in section 2.1.2.
Proof: Letz € C(v)?. Clearly ify € C(v)? then[z,y] = [gug™', gu'g™'] = 1 where
u,u/ € C(v). Now assumey € G* and[z,y] = 1. Conjugating byy ! if necessary we
may assume that € C'(v). In power normal formy = pd;ds - - - d,, andz = p't*(where

P € Cg(v)) thuszy = yx implies

xpdy - -d, =pdy---dyx.

If d,, is not a power of then we get that,,p’ = x,d,, wherez; € Cg(v), ord,p'd " = x;.
Otherwised,, commutes withe but we see that,,_; does not and hence we haije p’ =
r1d,_1 OF dn_lp’d;il = x; wherex; € Cg(v). However both statements provide a

contradiction as G is a CSA group.
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If 2 € GY then from theorem 2.2, fr, y]| = 1 theny € GY and thus we have case (2).

Finally suppose: is not in a conjugate of either or C(v) and[z,y| = 1 fory € G*.
From the above descriptiong ¢ and also from the proof aboveg C(v)?. Hence from
theorem 2.2; = huh™' - 27 andy = hu'h~! - z*, whereh,z € ¢, u,v/ € C(v) and
gug~t, gu'g~!, andz commute in pairs. If we conjugate lBywe reduce the problem to
the caser = uz],y = u'z¥, 2 = h™'zh. If u # 1 oru’ # 1 then from above, € C(v),
but this contradicts that is not in a conjugate of'(v). Thusu = 1,4’ = 1 and we have

proved case (3).

Corollary 2.1 All centralizers of elements i(v, t) are abelian and~ (v, t) has commu-

tation transitivity.

Proof: We first remember that is a CSA group and hence it has commutation transitivity
and the property that all centralizers of its elements are abelian. From above we have three
different types of centralizers. The corollary is obvious for centralizers of types 1 and 3.

If C(x) is a centralizer of type 2 notice that it is the conjugate of a centralizét, iand

hence the theorem holds.

Corollary 2.2 There are three types of maximal abelian subgroups'of G(v, t):

(1) M9 whereM is a maximal abelian subgroup 6f, ¢ € G(v,t) and M is not a conju-
gate ofC¢(v),

(2) C(v)?, g € G(v, 1),

(3) < z > wherez is not a proper power and ¢ C'(v)?, z & GY.

17



Proof: Due to commutation transitivity this is straightforward.

Next we give a theorem on conjugacy in a free extension of centralizers, this is based

on lemma 2 in Myasnikov and Remeslennikov [11] and page 185 of Lyndon and Schupp

[8].

Theorem 2.4 Let g be a cyclically reduced element®@f = (G, t|t7'2t = 2,z € C(v))
then

(1) If g is conjugate to an elementin G theny is also inG and is conjugate té& in G.

2) If g = got'g1---t*, n > 1 and v is a conjugate cyclically reduced element then
lg| = |v| and g is a conjugate of some appropriate cyclic permutatidrof v by some

element € Cg(2).

Proof of Theorem 2.4: Case (1): We have that = chc™! for somec, if ¢ € G then
lg| = 0, henceg € G and we are done. SupposeZ G i.e. |¢| > 1, then notice that
|hc™te| < |che™!| implying thatg is not cyclically reduced. Thuse G, andg, h € G and

are conjugate id.

Case (2): We will prove by induction of| that if v* = hyt’t - .-t is any cyclic
permutation ofv which ends in a power afandcv*c = g then the theorem holds. First
let|c| = 0. Then

chot® - - t0me™ = goter .t

18



and thus

1= got - tret™Oom .. 70 p et

The only possible reduction on the right hand sid&rist’, thusc € C(z) ande,, = 6,,.
As before, in the proof of a unique normal form, we must haverthatm and Vi, ¢; = 6,.

Next let|c| = k& > 1, wherec = ¢yt - - - t* c;,.. We now have
g = cot™ -t ephgt - 0 M T

Howeverg is cyclically reduced, thus there must be some possible reduction of the
right hand side so that this element is also cyclically reduced. The only places where such
a reduction can occur atechot® ort? c, 't =,

First assume that the reduction takes place‘at,hot’. Then), = —6, andc,hy €

C(z). Thust*c,hot® = cho and hence addin@:,hohg 'c. ') = 1 to the sequence
g = cot™ -t e yephohat® - 0 e TN (cphohg tog et ML M e
We know from above that *:c,hy = c,hot®* and thus
g = cot™ -t e _yepho (Rt - t0m ot )byt et e

Notice the expression in the brackets is a cyclic permutation arid that now we have
g = av*a~! where|a| < |c|. The result follows by the induction hypothesis.
If instead the reduction takes placet&tc, '+~ we can use the same idea. We now

have that,, = )\, andc,! € Cs(2), thustdmc, 't~ = ¢, . Hence

g = cot™ -t ey (eper D Cphot® - 10 gy ot TN M e
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But now we reduce again as above and
g = cot™ -t ep (B hot® - - -tém‘lhm_l)c,zlc,;_llt_)"“—l .- ~t_Alcgl.

Once again we have that the section within the brackets is a cyclic permutatioanof
the result follows by the induction hypothesis.

Finally notice that whey = cv*c~! wherec € C(z) it follows by the same logic as in
the proof of unique normal form, that the order of powers isfexactly the same in both
g andv*.

Proof of Theorem 2.3: Once again we have three cases due to corollary 2.2. First let
N = MY be a maximal abelian subgroup 6f of type (1). We can reduce to the case
where N = M < G by conjugating if necessary. Now consider for which values of
x, M* N M = z # 1, i.e. for which values of there are non trivial elemenish € M

such thatf* = h. But f written in normal form is cyclically reduced, hence there exists
ay € G such thatf = h from part (1) of the preceding theorem. But this gives that
M N MY # 1and hence; € M asG is a CSA group, and s¢ = h as M is abelian.
Hencelh, z] = [f,z] = 1 and from lemma 2 we have thatc G. But this in turn implies
thatz € M.

Next we look at centralizers of type 2, i.eV = C(v)?,g € G*. Once again, by
conjugating if necessary, we only need examine the ¢ase C(v). Suppos&’(v) N
C(v)*® # 1 then there ar¢,h € C(v) such thatf* = h. Notice all elements ir(v)
are cyclically reduced when written in normal form hence theorem 4 appligs.cliG
then f € G and thus there existg € G such thatf¥ = h as above. But this gives that

20



Cq(v) N Cg(v)Y # 1 and hence € C(v). Thus as abové¢ = h and we havéf, z| = 1
and thuse € Cg(v). Otherwise we have the case th#t > 1 and thus from part (2)
of theorem 4|f| = |h|. Further the normal form of an element @i(v) has the form
gt<ltc---t¢1 wheree = +1 andg € Cg(v). Thus from the commutativity of with ¢°
we see that all cyclic permutations fare in fact equal taé, thus we havef = hY where
y € C(v). But now we havef = h and hencef* = h* = h and thus ag’(v) = C(h)
from lemma 2 we have thate C(v).

Finally we look at centralizers of type 3, i.eV = (z).We introduce the notation
l|z]| = min{|y| |y is cyclically reduced and conjugate td. As we are given that
z ¢ Ca(v)?, z ¢ G9 we have thaf|z|| > 1. Thusif N N N* # 1 we have thafz")* = =™
for some integers, m. Hence||z"|| = ||2™||, but we see easily that:"|| = |n| - ||z|| and
thus we now have thatn| = |n|. If n = m then[z, 2] = 1 which implies by commuta-
tion transitivity that/x, z] = 1 and thusr € (z). If n = —m, thenz~'2"z = 27" and thus
r722"? = 7127w = 2. Thus[z?, 2"] = 1 and by commutation transitivityz, 2] = 1

andz € (z).

2.2.1 Direct limits of CSA groups

Next we will introduce a theorem which is necessary for the proof of the construction

of the Lyndon’s group. The work in this section is found in lemma 3 and theorem 6 in
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Myasnikov and Remeslennikov [11].

Theorem 2.5 Let G = {G;, ;ﬂ, I} be an inductive system of non-abelian CSA groups,

1 € I andG* = lim_, GG;. ThenG* is a non-abelian CSA group.
First we prove a lemma about centralizer€in

Lemma 2.3 Let G* = lim_, GG; be a direct limit of CSA groupé&:;,i € I. If M is a
maximal abelian subgroup @f*, thenVi G; N M = M, is either maximal abelian in-;

or trivial. Further M = lim_ M;.

Proof of Lemma 2.3: The first point to notice is that™* has the property of commutation
transitivity. This is because any three elementg, - € G* such thatz,y| = [y, 2] = 1,
have the property that, y, z € G, for somek, but we have that all7;, are CSA groups,
thus|z, z] = 1.

Assume); is nontrivial and not maximal id7;. As M, is not maximal there exists
anz ¢ M; such thaf)M;, ] = 1. Now by commutation transitivity)/ is the centralizer
of some element € G*. Hence there exists & i < k such thatr,z € G;. From
commutation transitivityz, z] = 1, and hence: € M, providing a contradiction.

From the definition given it is obvious that

M = lim M,

Now to finish proving Theorem 2.5. Takd a maximal abelian subgroup 6f* and
supposeM N M9 # 1. Thenx = y9 for somex,y € M. We chose: € I such that
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x,y,9 € Gy and from abovell, N M? # 1in G. But Gy is a CSA group and hence

gGMk<M.

2.3 The Lyndon’s Group

We first defined groups as defined in Myasnikov and Remeslennikov [11].A.bk any
associative ring with identity and lét be a group. Then we have a m@p<x A — G, and
we write the action ofv € Aong € G asg®. In order forG to be anA group the action

of A on G must have the following 4 properties wheres € A andg, h € G-

Vg ' =99¢"=11*=
(2) g°P = g~ - g%, g*F = (¢°)°
(3) (htgh)™* = h™g*h

(4) [g,h] = 1= (gh)* = g°h~

Another important notion is that of thé completion of a grougd’. The A groupG4
and a homomorphisthfrom G — G is called a tensor A completion 6f if G4 satisfies
the universal property that for any group H and any homomorphismp : ¢ — H
there exists a uniqué-homomorphismy : G4 — H such that the following diagram

commutes:
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The Lyndon’s group is such a completion whéras a free group, and! is the ring of
polynomials with inseparable coefficients in one indeterminate.

In order to make the development of later ideas simple it is now necessary to construct
the Lyndon’s groupi#[#l. Note that length will be defined differently from in previous
sections, rather the length of a word, will be the length in letters of the reduced word
equivalent tol}/. Another construction for this group can be found in Myasnikov and
Remeslennikov [11]. We will proceed in the following manner.

Let F; be F. LetV;,; be a maximal set of primitive reduced elements which have
nonconjugate centralizers and length less thanl in F; (length is well defined as these
are reduced elements). We now fofin ; from F; andV;; by extending the centralizers

of each element ifv;, 4, i.e.

Vigr = {am iz, - - - ,Clm}
and
< F < Fy = (Fy by |tyat; = a,Va € Cla,)) < Fiy -+ <
= (F;, ., ti,|ti,at; " = a, Va € C(a;,)) = Fipq < -+
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wheret;, extends the centralizer of.

Notice from the previous section that we hayg, F; is a CSA group, and hence all
of its centralizers are abelian and malnormal. Further due to commutation transitivity all

intersections of centralizers are trivial.
Claim 2.1 FZl = (), F;.

Proof of Claim 2.1: The first step is to show that F; is in fact aZ[x] group. We see that
every centralizer in F; is in fact isomorphic taZ[z]. From the construction we see we
have a map of the generators of [z] to the generators of the centralizer of each element
vequalto(v, ty, ts, t3, . . .) in the following mannet (1) = v, ¢(z) = t1, p(x?) = t5. Thus
every centralizer admits the action &fz]|.

Define aroot element to be an elemenfbfvhich occurs for the first time ift; and is
not in the centralizer of any element occurring in an earlier extension. Notice that by the
construction every centralizer il F; is conjugate to the centralizer of some root element
in U F;. All centralizers in{J F; have trivial intersection alg F;; is a CSA group due to
theorem 2.5, thus we see that the actionZgf] can be well defined oty F;. Simply
define the action o [z] on centralizer’s of root elements and then use conjugation to
define the action on the whole gf F;. We can define this action in the following manner,

where our centralizer is as abowd, = v,v* = t;,v" = t,, etc. Hence F; is aZlz|

group.
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It remains to show that this group satisfies the universal property previously mentioned.
Let H be aZ[z| group andp : F' — H a homomorphism. We can embédn | F; (after
all F'is F), and so define : U F; — H such that all elements i are mapped to the
correct element iri{. Then by lettingy be aZ[x] homomorphism (i.e. having its action
commute with that oZ[z]) we arrive at a well defined homomorphism which makes the
diagram commutey is clearly defined uniquely, hen¢gF; is indeed the Lyndon’s group

FZll,

It also follows now that any subgroup &“*! is a subgroup of a countable extension
of centralizers off’. Further any finitely generated subgroup is a subgroup of a finite

extension of centralizers.

2.4 Van Kampen diagrams

The ideas in this section can be found in Lyndon and Schupp [8] and Van Kampen [12].
In order to prove the Van Kampen lemma and discuss Van Kampen diagrams it is

first necessary to establish some definitions. These diagrams are two dimensional in the
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Euclidean plangz?. If S C E? then the boundary of S will be denoted by while

the topological closure is writtef. A map M/ in E? consists of 3 distinct parts; vertices,
edges and cells which are pairwise disjoint in the map. A vertex is a poiitt,ian edge is

a bounded subset @ homeomorphic to the open unit interval, while a cell is a bounded
set homeomorphic to the open unit disk. Any map must have the property that for each
edge inM there are 2 vertices a, b it such thatt = ¢ U {a} U {b}. Also if any cell

Cisin M then)C is connected and there is a set of edgges. . , e, all in M such that

We can now add the idea of direction to our concept of a map. For an edge e such
thate = e U {a} U {b} the two endpointga} and{b} are thought of as being initial and
terminal vertices. Thus if is the initial vertexe runs froma to b, ande™!, the inverse of
e, runs fromb to a. Henceforthe will be known as a closed edge.

A path in M is a sequence of closed edges in M such that the terminal vertexsof
the initial vertex ofe; 1. A reduced path is a path in which no cancellations occur, i€. if
is an edge in the path therande~! will never occur adjacently. Further a simple path is
a reduced path where all edges in the path have different initial vertices. A closed path of
lengthn is a path such that the initial vertex of is the terminal vertex of,,, such a path
is also called a cycle.

By giving each edge in a map/ an orientation we create an oriented mdp. We
now define a boundary cycle of a céllto be a reduced closed path of minimal length

which includes all edges ofC' with their orientations in accordance with the oriented map
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M'. If M’ is connected and simply connected, a boundary cyclgofan be defined as

a reduced closed pathof minimal length which contains all edgesdn/’ in accordance
with the orientation ofA/” such that, ife; ande;,; are consecutive edges inwith ¢;
terminating at, thene; * ande,,; are adjacent in the cyclically ordered path of all edges

of M beginning ab.

Definition 2.10 LetG = (a4, ..., a,|R = 1) be agroup with the relation® on{a, ..., a,}
andF = (a4, ...,a,) be the corresponding free group. Then a Van Kampen diagram over
G is an oriented map, as described above such that each €dghe map has an asso-
ciated labelo(e;) € F with the following 4 properties:

1. If e is an edge inV/ theng(e) # 1,

2. If eis an edge and~! is the oppositely oriented edge thefe™!) = ¢(e)~*,

3. If C is a cell then any boundary cycle @f, ey, es,..., e, has the property that
¢(e1) - - - ¢(ex) is reduced without cancellation and alge, ) - - - ¢(ex) is cyclically equiv-
alent to an element aR,

4. M is connected and simply connected. Furthéhas a boundary cycle,, .. ., e, such
that (e, ) - - - ¢(ex) is cyclically reduced without cancellation, i.8(e;) - - - ¢(ex) and all
cyclic permutations of this word have the property thgt € F' there is no occurrence of

ff~tinthe word.
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2.4.1 Van Kampen’s Lemma

We are now ready to prove Van Kampen's Lemma, we follow the work in Lyndon and
Schupp [8]. LetR be a set of relations over a free groép ExpandR to contain all

cyclically equivalent expressions. Lat be the normal closure of this expandid

Lemma2.41f w € F,w € N if and only if there exists a connected, simply connected

Van Kampen diagram/ such thatp(«) = w wherea is a boundary cycle o#/.

Proof: Assumew € N, i.e.
w = ﬁ tiriti_l
=1
wherer; € R (R defined as above); € F. If n = 0 then the diagrand/ is a single vertex
O. If n = 1 we take an edge and vertexo such that both the initial and terminal vertices
of e arev and¢(e;) = r. If t; = 1 this is the complete diagram and for consistency we
renamev asO. If t; # 1 then add an extra vertéx to the diagram outside the loop formed

by e and connec® to v. The edgef running fromO to v is labeled such that(f) = t.
ple1) = ple) =r

0 o)
Now if n > 1 construct the diagram in the following manner. For eacbnstruct a

diagram as above and link these diagrams in order to a common veds)elow.
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1 o

t
% .
t3

f[ tirity "

=1
is cyclically reduced without cancellation we are finished. However it is possible that can-
cellations can be made in this word, in this case break down each edge in the diagram creat-
ing M’ so that every edge is labeled by a generatar oFor example ifp(e;) = z1z927 ",
then in M’ there are 3 edges; i, €15, €13 SUch thatp(e;;) = x1,p(e15) = x2, d(e13) =
x7'. Now consider successive pairs of edggs;,; in the diagram such thaf(e;) =
é(eir1)" L. Lete; run fromu; to vs, ande;; run fromus, to vs. If vg is distinct fromo; and
vy (Or vy is distinct fromvy andwvs) identify e;,; with e¢; and glue them together as below

to achieve a new diagra?”. Notice we have simplified our diagram afdl/” contains

Ci—1 i Ci—1 i

€ =
i €i+2

Ci+2

fewer edges thah\/’.

If v; = v3 we have the situation of either one or two loops.
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€;
€; €i+1
U1 V2

€it+1

In this case to arrive at a simpler diagraii’ eliminate the loop(s) formed by and
e;+1 and all of M interior to the loop(s) leaving only the vertex By iterating this process
we eventually eliminate all possible cancellations and arrive at a diagram which satisfies
the properties of a Van Kampen diagram. Hence i 1 it forms the boundary of a Van
Kampen diagram.

Next assumé/ is a Van Kampen diagram with boundaty/ such that is a bound-
ary cycle of the diagram angd(«) = w. We need to show that if/ consists of cells
C1,Cs, ..., C then there exist labels, . .., r, € R of the cells and elements (1 < <
k) of F such that

w= (wyruyt) - (uprpug ) = 1.

If & = 0then there are no cells it/, thusM is a tree and hence trivially(«) = 1.

We shall use proof by induction. Assume the result is true for diagramsveiis and
let M be a diagram wittk + 1 cells. Clearly)M contains a celC* such that M NdC* £ ().
Let{e;} be the set of edges such that; € (6 M NJC*) and formM’ from M by deleting

{e;} from M.
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We have thatV/’ is a Van Kampen diagram with cells. Lete be the ordered list of
edges in{e;} and let the boundary cycle 6f* be e\ and the boundary cycle of M be
ey such thatp(\) = [, ¢(v) = g, ¢(e) = z. Theng(a) = zg = w and the label of\/" is

k—1
¢(a) = p(\ 1) =1""g = Z-:Hl(uiriui_l)
by the induction hypothesis. But notice we may wiite= I~'gg~'zg = (I"'g) (g izg).
Hence from abovey = (u;riui?). .. (up_17x_1uyp’y)g lzg. By lettingg~! = w;, and
noticing [z is a label forC* we can sety, = [ and havew = (uyriui?) ... (uprpug ).

Thusw is a label for a boundary cycle of a Van Kampen diagram if and ontydf N, N

as described above.

32



Chapter 3

The conjugacy problem in F% 7]

3.1 Reduction of the conjugacy problem fromF#!*! to groups
of the type F (U, T)
We have previously constructed the Lyndon’s grdi*! such that#1*! = UF; where
S B < Fgo= (B {t H[aa 6] = 1) S Fap < -

Definition 3.1 A cell with boundary labet, v, ¢, 'u, ! such thatt,u,t, '« ! is a relation

added inF, is at, cell.

Definition 3.2 A diagram consisting only af. cells connected by their. edges as pic-

tured below is called &, strip.
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Uy Uy Uy Uy

Uy Uy Uy Uy

Notice twot, strips cannot intersect as does not contain. and vice versa.

Lemma 3.1 If v and v are conjugate inF?l*! and bothu,v € F, thenu andv are

conjugate infF;,.

Proof: We will assume thaf’, is the first extension to contain bothandv and thatu
containst,,. We have that: andv are conjugate hence there existg & F#[*l such that
yuy~! = v. We know in fact thay € F, for somer, as words have finite length and thus
contain only finitely many of the variables added through extensions.

From the Van Kampen lemma we have that there exists a Van Kampen diagram which
hasyuy v~ for its boundary cycle label (from now on edges will be known by their
labels). If the maximum such that; is a letter iny is less than or equal to then we are
done. Suppose not, theénpis a letter in y for some > n. Thus we have the following
picture, our diagram must include acell. It remains to show what is to be done with the

othert, involved in this cell (rememberz?ll relations added are of the foym'y—1).

Uy

y ', Y

Uy
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Notice first, any cell containing. which is not &, cell must contain an added variable
t, of index greater than. But an edge; cannot link with any of the edges in the diagram as
r is the maximum added variable indexinv, andy. Hence an annulus must be formed by
the cells involving; as below. But this creates a region with boundary cyéldor some

m, which clearly cannot exist as it is not possibledgt = 1 in £, (asF is a free extension
u

Uy b
(] :]‘ Ly (7
Ur g, gy
of centralizers over a free group). v

Hence we must have that the cell involvingis at, cell and that it is joined to other
such cells. Notice that this cell cannot be joined to a mirror image of itself as then we
would not have a Van Kampen diagram (in a Van Kampen diagram all boundary cycles
are cyclically reduced without cancellation), hence we hayestrip. Following the same
logic as above we see that we cannot have the formation of an annulus, and aswneither
norv containst,., at, strip can link to neither the norv edge.

Thus we know the diagram containg,astrip which must be linked at both ends to
edges of the diagram which are labeled wjttOne possibility is that the. strip will link
to the same side if y contairts’. In this case y may be replaced with an expression not
involving these 2 incidences of. Labeling the sections af such thaty = ztSxzyt, “x3
wheree = +1, theny may be replaced with, v x5 for somen, as shown by the diagram

below.
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Uy

We also have the possibility that thestrip attaches to both-edges of the diagram.
There are now two possibilities, the chain may attach at the same spot og-edtes or
it may attach at different spots. If it attaches at different spots then we have a diagram as
below, we assume there is no possible way of making arches on either side, otherwise we
could simplify our problem as above by replacingith a word containing less incidences
of t,. The diagram below cannot possibly exist as this diagram would require either that

two ¢, strips intersect or that two. stripsuend in annuli.

Uy Uy

Yy Uy Uy Yy

Thus there is one possibility left, that tihestrip connects to both sides at the same
location. Hence one can see from the diagram belowitlgtonjugate ta." as isv, i.e.
we have thatruz;! = w™ andxouz,' = v. Thuszyziur;'z,—1 = v and we now
have that, andv are conjugate by a worgd which has one less incidence ipf Clearly
by iterating this process we can further simplifyto the point whereg/’ is an element in

E,.
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U’T u’r‘ ur

3.2 The Conjugacy Problem inF (U, T

We shall use the conjugacy theorem for free extensions of centralizers(Theorem 2.4) and

the construction of 41! (Claim 2.1) as already stated.

3.2.1 Solving a word problem

In order to prove that the conjugacy problem is solvabl€ {¥/, T') it will be necessary to

show that there exists an algorithm, solving equations of the type
bgot® - - -t gpa = hot® - - - ¢

where we are givegyt - - - tg, andht® - - - t°» and the centralizers to whichandb
belong (notice these are not necessarily the same centralizer). We will do this proof by
induction and thus it is first necessary to prove that there exists an algorithm solving such
equations in a free group.

We begin with a lemma.

Lemma 3.2 GivenG a CSA group, then ift and B are maximal abelian subgrougs? N
A = 1unlessB? = A.
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This lemma is obvious as CSA groups have commutation transitivity.
Using this lemma we see that there is a limited number of cases where the equation

above can have multiple solutions. If

bigay = h = bygas,

then

g 030 g = asay!

which implies there are infinitely many solutiong’ifa) = C(b)?, but otherwise there can

be at most one solution.

Theorem 3.1 Let F be a free group with generatofsy, ..., z,}. Given two elements
g,h € F and two centralizers’(z), C(y) € F then there is an algorithm solving the

following equation foru € C'(z), b € C(y)

gah =b.

Proof of Theorem 3.1:First notice that all centralizers in a free group are cyclic. We will
consider three cases for this problem. In the following the use of the syfnpohplies
multiplication where no reduction is possible.

Case 1.z = 2",y = 2™, i.e. a andb belong to the same centraliz€(z). Then we
have that if¢ € C(x) there are infinitely many solution pairs/if € C'(x) and that for
any choice ofu we can find & which will satisfy the equation. 1§ € C(x),h ¢ C(z)

then there is no solution to this equation. Thus we must only consider what happens if

38



g ¢ C(x)andh ¢ C(z), we use the following steps to calculateh. Notice that in this

case there can be at most one solution.d_et 1, then

Q) Ifg=g -2 i #0,|i| maximal, then ag ¢ C(z) we know this power of: must be
cancelled so that the termsghwhich are not inC'(x) may also be cancelled. Hence

asg = ¢'z' leta = x~'a, g = ¢’ and continue with these new valuesaodindg.

(@) If g =g -r,r # x' Vi then there are two possibilities. #f = rl andg’ € C(z),h =
I W € C(x) then the solution i = az™7,b = glh'/. Otherwise if there is
a solution the termr must be cancelled by a term in Hence we must be able
to write h = z'r~'h’ whereg’h’ € C(z). If this is the case then the solution is
a=azx"'b=gNif ¢n' € C(x). If neither of these two offers a solution, there is
no solution as there are termsgrwhich are not powers of and which cannot be

cancelled.

Case 2:.a € C(z),b € C(y),y = 2%,z # 2'Vi. Notice from the earlier lemma there
is the possibility that such an equation has an infinite number of solutions, we will give an
algorithm to find one solution (or show there is none if that is the case): ket and use

the following steps:

L) g =g -2, il maximal. Ifg’ = ¢"z,¢" € C(y) thenifh = zkz= 11/ 1 € C(y)(k
may be 0) we may take as a solutier- 1,b = gh (Notice this is a case where any
value ofa has a corresponding valuefpivhich solves the equation ). Afcannot be

written in such a way then clearly there is no solution for sugh.df g € C(z) then
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if h = 2*h’ whereh' € C(y) then there is the solution= g~ ' -a-27% b =1, if h
cannot be written like this there is no solution.gifsuits neither of these subcases,

let g = ¢’,a = 2z ‘a and continue with these new values.

Qg=g -2 IfgeCy)(.e ¢ = xz) thenifh = z*n', ' € C(y) we have the
solutiona = az=*,b = gah, if h cannot be written this way then there is no solution.
If g & C(y) then if there is a solution we must have that >‘zh’ and then we have

the solutiona = az=%,b = ¢'I/ if ¢ - b’ € C(y), otherwise there is no solution.

(3)g = ¢ - x. If ¢ = 1then there is a solution only if = 2'z='h/, i/ € C(y) (: may
be 0) and notice this is a case where there are infinitely many solutiansaasbe
any power ofz. If ¢’ # 1 then there is only a solution if = z'a='1/, ¢'h' € C(y)

in which case take = az~%,b = ¢'I/.

(4) g = ¢g'r,r # o', r # 2. Then there can only be a solutiontif= zir='h/, g'h’' €

Cl(y), seta =a-27% b= ¢g'h/, otherwise there is no solution.

Case 3: In this case we hawec C(z), b € C(y) and that these centralizers are not
conjugates of one another or equal to one another. We once agais-létto begin and

use the following method to calculate the solution.

(1) g = ¢ - 2, |i| maximal. Then ify = rz* andg’ = Ir,l € C(y) there is a solution
only if h = 2"l k' € C(y) with a = 2*"az™". If ¢ € C(z) then there are
two possibilities for solutions. Eithek = 271/, € C(y) in which casea =
g taz77.b =1, ory™ = z'h in which case: = ¢~'2!,b = y" otherwise for such a
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¢’ there is no solution. If/ is not as above then set= z~‘a, g = ¢’ and continue

with these new values.

(2) g = ¢ -y, ]i| is maximal. Ifg € C(y) then there is a solution if = 2iy* giving that
a=az"" If g& C(y) thenif h = z'y~'h’ there is a solutiom = az~*,b = ¢'h’ if

g'h' € C(y), otherwise there is no solution.

B)g=4¢ 4,7 #y',j# 2. Thenify =rjandg = ir,] € C(y) there is a solution if
h = z"h', I/ € C(y) wherea = az~". There is also a solution if = 2’1’ and

g'h' € C(y) in which caser = az~*,b = ¢'h/, otherwise there is no solution.

Theorem 3.2 Given a group of type”(U,T), elementyy,h € F(U,T) and two cen-
tralizers C(z),C(y) < F(U,T) there is an algorithm solving the equation below for
acC(z),be Cly):

gah =b.

Proof of Theorem 3.2 : Using the previous theorem we now procede by using the induc-
tion step. Giveny, h € F;, F; a finite series of free extensions of centralizers, we consider
the solution of

bgot® -+t gpa = hot®™ - - -t hyy,

assuming that there is an algorithm to solve all such equations in previous extensions.
Case 1: IfC'(a) andC'(b) do not involvet, the latest extension, then we notice that from
the proof of theorem 2.1 we have that there is a solution to this equation omly=fn
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ande; = ¢;, Vi. If the above equation has a solution then we can solve the following set of

equations wherey; € C'(x) whereC'(z) is extended by.
gna = ay‘hy,

-1
Ay Gn-1 = hn—1a1

goQyp = bilhg.

As all of these equations are in an earlier level, by induction there is an algorithm
to solve each of the equations. If any equation has no solution, then this implies that
the original equation has no solution.If all equations have infinitely many solutions, then
plugging in any solution for the first of the above equations will lead to a solution for the
system, and thus a solution for the original equation. Otherwise we use the first equation
which has a unique solution and then solve the remaining equations using the values found
for this equation. If at any point an equation has no solution after substituting in the value
for one of itsa;’s then the original equation has no solution.

Now we must look at what happensdifor b (or possibly both) belong to centralizers
which involve the element There are four possible cases to examine. We will assume
belongs to a centralizer involving t, and mention what happens in the cagedibed also.
When considering the same problem with respeétitee same ideas may be used, oy
is used rather tham, and we try to remove powers ofwith the left end ofb rather than
the right end of..

Case 2u € C(t). Assume is either not in a centralizer which involvesr b € C(t).
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Three distinct possibilities are provided by If m > n thena or b must contain a power

of t. If b ¢ C(t) thena = t™ "a’ ora = t""™a’ whered' is in the centralizer extended by

t. If the lastm — n powers oft in h are of the same sign, assume positive, we may then
solve the equation

bgotel .. tengntm—n !/ — h0t61 .. te'm hm

for ' andb as it fits case 1 (unless, = —1 andg, € C(t) in which case no solution
is possible). Otherwise there can be no solution as we have either that the left side is
unreduced while the right hand side is reduced, or else the left hand side will have different
powers oft from that ofh. If b € C(t) then we need to be more careful as powers of
can be added by eitheror b. Once again we can do as above checking all combinations
b=1Ut",a = t’d’ such thair| + |s| = m — n and solving fora’, t in the case where the
signs of the powers afin ¢ andh match. There is also the possibility thateductions
are possible using eitheror b if g, or g, belong to C(t), this will give us a maximum of
2n+m —n+ 1 =m+ n+ 1 equations which need to be checked, all of which fit case 1.

If m < nthenin order to remove powerstfrom the left hand side we must have that
gn € C(t) so that & reduction can be made (Similagy € C(t) if we are considering that
the centralizer ob contain t). If no such reduction is possible a@nid not in a centralizer
involving ¢ then there is no solution to the equation. If such a reduction is possible then
we takea = t'a’ wherel is of the opposite sign from, and|l| = n —m. We now examine
the resulting equation

bgot™ - - -t g’ = hot* -+ -t by,
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which isin case 1. Ib € C(t) andg, € C(t) then reductions may occur at the beginning
of the left side and we are left with + [ equations to consider, arising from different
amounts of reduction occurring at each end. However these equations fit Case 1 and hence
a solution, if one exists, can be found.

Finally the third case is where = n. If b ¢ C(t) then clearlya cannot involvet as
this would lengthen the left hand side and mean there was no solution. kdmatengs
to the centralizer extended Iy and thus we are in fact in case 1. blfe C(t) then if
the powers of in g andh do not match we have the possibility of making them match
through reducing powers a@fwith « or b if either go € C(t) or g, € C(t) and adding
powers oft at the other end. Once again only finitely many possibilities need be checked,
i.e.b ="t a=ta wherell| = |s| and0 < |I| < m.

Case 3: Assume € C(t)",r ¢ C(t), and eithe does not involve, b € C(t) or
b € C(t)". This case is similar to Case 2. # > n then if the centralizer ob does
not contain t, we have that = rt™ "a'r~! ora = rt""™ad/r7%, i.e. we must solve the

equations

bgot - -t gurt Mg = ottt

which is back to case 1 (Noticef,r € C(t) ande,, = —1 then there can be no solution).
If b can involve powers of then once again it is a matter of checking a finite number of
different equations with different powers ofadded on either side. H, or g, are such
that¢-reductions are possible with eitheor b, then this implies we must check a greater
number of powers of, as above there is a maximumsaf+ n + 1 equations which need
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to be checked.

If m < n, then we must be able to makeeductions if this equation is to have a
solution. Once again this is very similar to case 2, only we requirgjthat € C(t) if we
are to make a reduction with We then arrive at an equation which fits case 1, by moving
ther to the right hand side as above and looking for values which are in the centralizer
extended by. If b € C(t)"(r = 1 is a possibility) then it is possible thatreductions may
also be made on the left hand side;gf, € C(t). This once again increases the number of
equations which must be solved, however we still have finitely many equations to check,
all of which are solvable by the induction hypothesis.

Finally if m = n then if b does not involve we must have that € C(z)" where
t extendsC'(x)(thus we can use case 1). Otherwise as before we can also try reducing
powers oft with one ofa andb and adding an equal number of powers with the other. This
gives a maximum ofm equations which need to be checked, all of which fit case 1.

Case 4: Assume € C(s) where s is a root element at the level i, and hence has a
cyclic centralizer. Consider the cases where the centralizedogés not involve, where
the centralizer ob is C(t)", and wheré € C(r) where r is a root element at the level i.

As above we first consider the possibilitiesiif > n. If no t-reductions happen in-
volving b then the this case can be solved by calculatisig ! forn —m <i <m —n
and checking if the value is in the correct centralizer. K-@duction can happen in-
volving b then we simply check powers @fin a wider range, so solving the above for

—(m+n+1) <i<m+n+ 1. (Note in the case whereinvolves more than one power
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of t, the above checks more values than necessary)
Similarly if m < n we only need check a finite number of powers; ah the equation
above.Thus check fis'g~t € C'(b) for —2n < i < 2n.

Case 5: Assume € C(r)", [r,t] # 1, W involvest. Lettinga’ € C(r) we have that
bgot - - -t g, W ' W = hott - - -t h,,
hence
bgot® - - -t g, Wt = hot® - - -t h, W1,

We have that' is in a centralizer not involving, hence we may now consider this equa-

tion from the perspective dfand fit it into one of the previous cases.

3.2.2 The Conjugacy problem in the Lyndon’s group

Theorem 3.3 For all i, F; has solvable conjugacy problem.

Proof of Theorem 3.3: We shall do this proof by induction. The first step is to show that
the conjugacy problem is solvable iy a free group. We follow the proof of theorem 1.3
in Magnus, Karras, Solitar [10].

Let F = (z1,x9,...,z,) be a free group, antl’ be a word in the free group. We
definep(1V') which will reduce a word working from left to right. We defipenductively

as follows:
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and if

then
it exay ik Fuoor g # —e
ail a0 kp=wv and ¢ = —e

LetV be a reduced word. We defin€ll/) to be the cyclic reduction di” inductively

as follows
(e==+1,i=1,...n)
zWa if 1#j or  e#—v

o(x;Wir) =
oc(W) if i=j and e=—v

If 1 is not reduced then we defia€iV') = o (p(W)).

Theorem 3.4 Let F' be a free group with generators, . .., z,,. Two wordsiW;, W5 € F

are conjugate if and only if their cyclic reductions are cyclic permutations of each other.

Proof of theorem 3.4:First suppose (1) is a cyclic permutation of (W), i.e.

— ot pte pterl L et
o(W1) = =z} Thrgtt ek

_ o1 . L plp ot L otk
o(Wsy) = N ERRE AL JOR

Notice thato (W;) = Ko(W,)K~' whereK = zf. ---alt. Thus asW; ando(WW;) and

W, ando (W) are obviously conjugate pairs we have tHatand1V; are conjugate.
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Assuming that we know thdt/; and 1V, are conjugate, we must show thafii)
ando(1,) are cyclic permutations of each other. We have fiiat= KW,K ! thus

p(Wy) = p(KW,K~1). Hence
a(W1) = a(p(W1)) = o(p(KWoK ™)) = (KWK ™)

and thus our proof is finished if we can show th&f W, K 1) is a cyclic permutation of
o(W5). We will do this by induction on the length df. Let K = z{ wherei = 1,...,n

ande = 4-1. Notice that

o(xiWar; ) = o (p(aiWs; ) = o(p(zip(Wa) ;).

Suppose that
p(Wy) = 2%t . xlr

I U PN

thus we must find the value of

(wgalt . alra).

)

There are three cases we must examine, either no cancellation is possible, cancellation
occurs at both ends of the element, or cancellation occurs at only one end of the element.

In the first case we have that

e _t1 tn .—€\ __ .€.t1 tn . —€
p(rgaly . xwc) = xial . owl e

And thus



When cancellation occurs at both ends we haveitkaj; = j, and that = —t; = ¢,
hence

p(zsp(Wa)a; <) = a2 .. it

J2 jn—l7
and

o(xWoz; ) = o (a2 .. xézj)

But we know from above that

o(Wa) = o(afiafy ... af ap) = o(af...af 7)),

The third case is when cancellation takes place at only one end, we will treat the case
where cancellation takes place at the left end, but a similar argument works for when the
cancellation is at the right end . As cancellation takes place at the left end we have that

j1 =1i,e = —t; and that

plxsp(Wo)a; <) = a2 .. alralt

J2 JnJ1"

But now as bothz!? ... z% 2} and 2’z ... 2! are reduced, we know that both are

t2

cyclically reduced. Hence(z$p(Ws)z;€) = x2...2}"z}! is a cyclic permutation of

o(Ws) = zila}? .. z’. Hence we have that for all caseér;p(W>)z; ) is a cyclic per-
mutation ofo (W5).

Assume using the induction hypothesis th@f'1W,7!) is a cyclic permutation of
o(Ws), and considers (= TW,T~"'z;"). By the abover (z/TW,T"z;") is a cyclic per-
mutation ofo(TW,T~') and hence ofr(W,). Thus if W, and ¥, are conjugate then

o(Wy) ando(W,), their cyclic reductions, are cyclic permutations of each other. Thus the
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theorem is proved, an obvious consequence is that for a free group the conjugacy problem
is solvable.
Proof of Theorem 3.3: We shall now use the induction hypothesis and assume forall
n that the conjugacy problem i is solvable. Letf,, = (F,, 1, t|{t vt = v,v € C(2)).
We shall use theorem 2.4. We have= gt ...t a cyclically reduced element and an
element. If n < 1 then either both, andv are inF,,_;, in which case by induction this
problem is already solved, aris in F,, and if v is conjugate ta; then when cyclically
reducedv is equal tou.

Otherwisen > 1 and

U= gtt.. .t
vF = Bttt

wherev* is a cyclic permutation of. Notice that if the two elements are to be conjugate,
the powers oft must be the same in botlhandv*. From theorem 2.4 it andv are

conjugate there is an element C(z) such that

got™ -+t = ahgt™ - tma”!

gottgy -+ -t"a = ahot® - - -t

This gives rise to the following set of equation$ Wwherea; € Cq(z), Vi:

In—1a = a1h,_q

—1
Aogn—2 = hn—2a1
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—1

wherea; € C(z) Vi, as then; must commute withi“. By substituting these equations into

each other we arrive at:

—1
a = g, 1a1h,

1 -1 -1
= 0n-29n-10 hn1hy o

— go_l e g’;_llaho e hn—l'

And thus finally

909192+ Gn1 = ahg -+ hy_ja” "

As bothg = ¢go---g, andh = hg---h, are inF,_; and by induction the conjugacy
problem inF,,_; is solved, we know that if such anexists inF;,_; we can solve for this
element.

If no sucha exists then from the conjugacy theorem we know thandv are not
conjugate. If such am does exist then we must check to see whether there exists an
a € C(z) such that, andv* are conjugate.

The first case is i € Cs(z). Then if the necessary exists,g € C(z) also, and
as C(z) is abelian this implies thag = h which is easily checked. In this case any
a € C(z) will commuteg andh. Now we must examine the elementando, clearly if
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g; = h;, Vi then we have, = v*, and thus, andv are conjugate. Another simple case is if
gi, hi € Cg(z)Vithenu,v € C(z). As theg;, h;,i # 0 are right coset representatives we
know that fori # 0, g; = 1 andh; = 1. Hence ag = h we have thay, = hy andu = v*
and therefore that andv are conjugate.
If the above case is not valid then we examine the system of equajoRspm theo-
rem 3.1 we have that each equation in the system is solvable, hence as shown in the proof
of the theorem we can solve for an answer to the system. As at least one of the equations
hasg, ., h,—» ¢ C(z) we know there is at most one solution to the system, if the value
of a found in the first and last equations is the same thandv are conjugate, otherwise
they are not conjugate.
Thus we now assume that¢ C(z), from above we may assume¢ C'(z) as oth-
erwise there is no solution. Now we simply solve the system of equatidnkrowing
that there is at most one answer as neithaor  is in C(z). This system of equations is

solvable as argued for the previous case.

Thus the conjugacy problem is solvable in the Lyndon’s Group.
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Chapter 4

F(u,t) is conjugately residually F

We first introduce the notion of being conjugately residuélly

Definition 4.1 Given a groupG* and a groupG we say thatz* is conjugately residually
G if for any nonconjugater, v € G* there exists a homomorphism ¢ : G* — G such

that ¢(u) and¢(v) are not conjugate ir.

Theorem 4.1 Let F' be the free group with generatofs,...,z,}. Then any group

F(a,t) = (F,t|[v,t] = 1,v € C(a)) is conjugately residually-.

Proof of Theorem 4.1: Take anyu,v € F(a,t), such that, v are not conjugate. We may
assume that both andwv are cyclically reduced, as andv are conjugate if and only if
their cyclic reductions are conjugate. There are three cases to consider. In the following
we will write u, v in power normal form.

In the first case, = got*1 gy - - - th», v = hot'thy - - - t'» wheren # m. We will pick our
homomorphisna to be such that the generators of the free group are mapped to themselves
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and¢(t) = o wherez is some large integer. Notice that, ..., g,, h1,..., hm & C(u)

as we are in power normal form, and thayif € C(a) (ho € C(a)) then we must have
thatn = 1 (m = 1) otherwise|u®!" |, < |ul, (similarly |v"*"|, < |v|,). Thus if

we write g;, h; so that all powers of; at either end have been separated out we have

g; = a"g.a®, h; = a® hla¥ and thus

_ 1o,/ kixz4+so+r: 1 koxz+si+ro ! kn*z4sp_—1
¢(u) = agya g1a o Gp@t "

¢(U> — amohgall*”yﬁxl h/1a12*z+y1+362 L. h;n,lalm*Zern_l

where ifz is chosen large enough no poweraat zero.

We now examine the cyclic reductions and see that, ifs the opposite sign from

k. * z + s,_1 the cyclic reduction ob(u) is

1 _ki*xz+so+ry ) koxz+si+re / kn*z+Sn_1+7r0
o(d(u)) = goa g1a g ae

otherwiseu was already cyclically reduced. Similarly forif the signs ofry andl,, x z +
y,—1 are the same thep(v) is already cyclically reduced, otherwise the cyclic reduction
is

a(ng(v)) _ h6a11*2+y0+$1 hllalg*z+y1+x2 o h;n_lalm*z-ﬁ-yn—l-i-zo‘
Notice if z is large enough none of the powersaoh the cyclic reductions is zero, hence
the two cyclic reductions af(u), ¢(v) are not cyclic permutations of one another as one

has more occurrences of powers:dhan the other. Hence from theorem 3.4 we have that

¢(u) is not a conjugate af(v).
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In the second case andv have the same lengths but the powers of « andv are
different no matter which cyclic permutations of the elements are taken. We will write
andv as above only now consider that= m. Thus depending on the sign of we have

that the cyclic reduction of is
J(gb(u)) = arogloalﬂ*z—l—so—i-mgiakg*z-‘r&-‘rrz . g;_lak"”*sn*l

or

O'(¢<U)) _ g/ ki*z+so+ry ) kokxz+si1+re kn*z+8n_1+70

o g1a gy
and similarly forv. Clearly if z is very large the; x z (I; * z) terms dominate in the powers
of a, and thus by picking a large enough valuezolve can ensure that any two powers
of a in v andv are different if the coefficients; and/; are different. Hence looking at
each cyclic permutation* of © we can choose a value efwhich ensures that the powers
of a in u* do not match the powers afin v, thus picking the largest such value ofve
find that the powers ai do not match in any cyclic permutation efandv. Hence as the
cyclic reductions cannot be cyclic permutations of one another we have from theorem 3.4
that¢(u) is not conjugate t@(v).

The third case is when the elementandv have the same length and the same powers

of ¢ for some cyclic permutation (we will write them so that we use one of these permuta-

tions). Once again we will magpto a large power o

(u) = goa™ g1a™ - - - gp_1a™

o(v) = hoa®* hya® - - - hy,_1a™
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wherez; = k; * z.

If these two elements are conjugate then we must have & such that
goa™ g1a® - - a™'g, 1a*ca " htam L .a2h e hglc_1 =1.

We can now consider two cases, either C'(a) or c € C(a).
Firstif c € C'(a) then notice in order for the*~—* terms to be cancelled we must have

thatg,_1a*ca=*h,', € C(a), i.e. asc € C(a),
—1 _
Gn-1ch, "1 =1
wherec, € C(a). Continuing on, to cancel the term$*"-2 we must have that

—1 o
In—2C1 hn,Q = (2

gocnhoc™! = 1.

However notice from the proof of the theorem 3.3 if these equations are solvable then
this means that the original andv were in fact conjugate, hencedf«) and ¢(v) are
conjugate, they can not be conjugated by an elemefi{ir).

Thus if the two elements are conjugateddwe must have that ¢ C(a). We will
assume thak,' is not cancelled by !, if this is not the case a similar argument to the
one below applies. We consider what happens if the terwancels all or part of the
term ¢(u) before it and all or part of(v) which occurs after the term. We will write

#(u) = uiuy, ¢(v) = v1v, and assume = u, 'v,. Then we have from theorem 3.4 the
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two conjugate cyclically reduced elements in the free group are cyclic permutations of one

another, i.e.
d(u)cp(v) et =1
simplifies to
uvy oy tuy = 1
and thus

U2U1 = V211

(whereuq, us, v1, vo can bel). There are now three cases to consider, in case 1:hoth

end in a power of:, in case 2 bothi;,v; end in a coset coefficient, and in case 3 either
u; = go Or vy = hg while the other ends in a power af Notice that in the following,
powers ofa must occur in the same order in both cyclic permutations of the elements due
to theorem 3.4 (i.e. in the following although it is possible that s we do have that

az.; = aZ,; Vi where we considet® = a*r+(»-n+1 = q*+(-+1)_ In the first case we

have

Zn

Zr—1 Zr —2sl,—1 —zg_1 -1 —zp3—1 -1 _
gr...gn_la go...a'f gT‘—la' Ta -Shs_la i hO a ”Lhn_l...h _1

while in the second

azT e gn_laZ"gOazl .. g’r‘—lh’s_—ll e a,_zlho_la_z"lh;il e a_ZS — 1

In both cases in order for this to be true we must have that the following system of equa-

tions holds fora; € C(a):

gr—11h;11 = a1
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-1
Gr—2a1 hS,Q = Qa2

granhs_l = 1.

However notice from the theorem 3.3 we have that this implies the elements

tzr+1 .

u* = gT' . gnilt’z”gotzl “ e griltZT

and
v* = hot=Tt e, PRttt - s 1t

are conjugate, and hence it follows theandv are conjugate as cyclic permutations of the
elements are conjugate, hence in the above two easgsand¢(v) cannot be conjugate.
In case 3 we will look at the case when = gy, the case;, = hg is similar. Once

again the equality of powers affollows as above. Then we have the equation
azlglaZQ e aZ"gOa_ZS h;jl e a_zl hala_zn h;&l . a—25+1 hs—l —1.

We now arrive at the following system of equations where C(a)

go = m
-1
9n—1a1h5_1 = a2
-1
glan—lhs+1 - a”’l
hey = a,.
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This means that, = hq as onlyhy, may belong ta”(a)(It also implies that both, v have
power length 1). But we now have that in fact C'(a), a contradiction, hencg(u), ¢(v)

are not conjugate. Thus(a, t)is conjugately residually.
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Chapter 5

Conclusions

The purpose of this thesis was to examine the conjugacy problem in the Lyndon’s group
FZl#. This problem is in fact solvable and my proof of this problem used a variety of
different tools. Van Kampen diagrams were used to reduce the problem to that of the
conjugacy problem in a group of tyg&(U, T), a finite series of free extensions of central-
izers. Using a theorem on the conjugacy of elements in free extensions and a proof of the
solvability of a particular type of word problem it was possible to show that the conjugacy
problem is indeed solvable.

The question then arose as to whether or not it would be possible tafidpto the
free groupF’ preserving the nonconjugacy of two elements. The first natural step was to
look at a single free extension, as is done in chapter 4 of this thesis. This is indeed possible,
thusF(U, T') is conjugately residually’. The next step is to show this is true for any finite

number of such extensions (in which case it is also true for the Lyndon’s group). Work
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continues on this idea, length functions introduced by Lyndon should provide the means

necessary for such a proof.
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